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Abstract 


There is danger in reckless 
change; but greater danger in 
blind conservatism. 

Henry George, Soeial Problems 

It has been proposed several times in the past that one can obtain an equivalent, 
but in many aspects simpler description of fermions by first reformulating their 
hrst-order (Dirac) Lagrangian in terms of two-component spinors, and then inte¬ 
grating out the spinors of one chirality {e.g. primed or dotted). The resulting new 
Lagrangian is second-order in derivatives, and contains two-component spinors of 
only one chirality. The new second-order formulation simplihes the fermion Feyn¬ 
man rules of the theory considerably, e.g. the propagator becomes a multiple of 
an identity matrix in the held space. The aim of this thesis is to work out the 
details of this formulation for theories such as Quantum Electrodynamics, and 
the Standard Model of elementary particles. After having developed the tools 
necessary to establish the second-order formalism as an equivalent approach to 
spinor held theories, we proceed with some important consistency checks that the 
new formulation is required to pass, namely the presence or absence of anomalies 
in their perturbative and non-perturbative description, and the unitarity of the 
S-Matrix derived from their Lagrangian. Another aspect which is studied is uni- 
hcation, where we seek novel gauge-groups that can be used to embed all of the 
Standard Model content: forces and fermionic representations. Finally, we will 
explore the possibility to unify gravity and the Standard Model when the former 
is seen as a diheomorphism invariant gauge-theory. 
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Introduction 


Why second-order? 

Since the emergence of Quantum Mechanics (QM) and Special Relativity (SR) 
at the beginning of the twentieth century, and after the success of Maxwell’s 
unihcation of Electromagnetism, a lot of effort was put into merging the two 
theories. This led to a race, which aim was to hnd relativistic wave equations 
that would govern the dynamics of quantum-mechanical systems. Schrddinger 
and then Klein and Gordon formulated a second-order wave equation that was 
supposed to describe the relativistic evolution of the wavefunction. However, 
at that time it seemed that the nature of the latter violated some fundamental 
properties of mechanical systems: the Klein-Gordon solutions admitted both a 
positive and a negative energy mode. It must be emphasised that the theoretical 
framework that is nowadays called Quantum Field Theory was yet to be invented 
and understood. Nonetheless, British physicist Paul A.M. Dirac believed that the 
issue related to the presence of negative energy solutions relied on the second- 
order nature of the differential equation. Thus, he tried to construct a hrst- 
order differential equation that was compatible with the relativity principle. His 
theory was formulated in 1928 and the Dirac equation was later shown to describe 
relativistic spin 1/2 particles: fermions. This was followed by the development of 
Quantum Electrodynamics (QED), the relativistic quantum theory of light and 
matter interactions which was then generalised into Yang-Mills (YM) theory, the 
theory of non-abelian SU{n) gauge helds that describes the weak and the strong 
forces. This summarises the success of particle physics in the last century, success 
that culminated with the edihcation of the Standard Model (SM) of particle 
physics which is today the most accurate description of Nature that has been 
developed (^. 

Yet something can be seen as puzzling. Indeed, one of Dirac’s reasons to con¬ 
struct a hrst-order wave equation was the misinterpretation of the negative energy 
solutions. However shortly after the discovery of his equation, it became clear 
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that Nature admitted particles and antiparticles (positive and “negative” energy 
solutions). Nonetheless, fermions remained the only dynamical system that only 
admitted a hrst-order description. 

Indeed, today it is well known that physical theories can be described by hrst- as 
well as by second-order Lagrangians. The classical example that every theoretical 
physicist has encountered is the relation between Hamiltonian and Lagrangian 
mechanics. The Hamiltonian formulation gives hrst-order evolution equations, 
but contains twice as many independent variables as the second-order Lagrangian 
formalism. Nevertheless, with a simple Legendre transform, it is possible to de¬ 
scribe the system in whichever formalism is suitable. The Legendre transform 
amounts to inverting the relation between the momenta and the time derivatives 
of the generalised coordinates, and then “plugging it back” into the transform. 
In other words, it amounts to integrating out the momentum variables from the 
hrst-order Hamiltonian formulation to arrive to the second-order Lagrangian for¬ 
malism (and vice-versa). The formulation that should be used for solving a given 
problem is a matter of convenience. Nonetheless, the community will generally 
side with the formulation that was developed hrst, unless the new approach brings 
unignorable advantages. 

As a matter of fact, the most evident example is given by the hrst- and second- 
order formulations of General Relativity (GR). Physicists use the second-order 
metric formulation as the one in which GR was originally proposed. What is more, 
the hrst-order description of GR can seldom be found in textbooks. However, 
some aspects of the theory become more transparent in the hrst-order formalism. 
For example, in this formulation the Lagrangian of GR is polynomial (cubic) in 
the helds [^[^, whereas the non-polynomiality of the second-order formulation 
makes it very cumbersome to work with. The availability of a simple polynomial 
Lagrangian, even though it contains more helds, is sometimes important. Another 
slightly less familiar example is the hrst order formalism for QGD |^. Thus, one 
can rewrite the Yang-Mills Lagrangian in the BF form, plus a term quadratic in 
the B-held. Again, the hrst-order Lagrangian is cubic in the helds. 

As for fermions, their Lagrangian is hrst-order in derivatives. Hence, it is natural 
to ask whether a second-order formulation of fermions is possible. 

Let us make the last argument more precise. A Dirac spinor can be written as 
the sum of two unitary inhnite dimensional representations of the Lorentz group 
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50(1,3) (or its double cover 5L(2,C)): 

e (1/2,0) ©(0,1/2) 

which we call left-handed (unprimed) and right-handed (primed) respectively. 
The Dirac equation is then derived from the Dirac Lagrangian, here in 3 + 1 
dimensions with the metric 77 ^,^ = (—,+,+,+): 

Cd = - mj 

with $ = and { 7 ^} are the Dirac gamma matrices. This Lagrangian gen¬ 

eralises in a straightforward way so as to include the interaction of fermions and 
photons (QED). We see that the Dirac equation 

(^—i$ — rri^'^D = 0 

relates spinors of one chirality to the other through the off-diagonal entries of the 
Dirac matrice^ This is heuristically why a second order Lagrangian of the type 

(—□ + 

does not work since the Klein-Gordon operator is diagonal and hence we lose 
information contained in the Dirac equation. 

In this thesis, we will construct a set of second-order spinor field theories that 
can account for all of the information contained in the first-order Dirac equation. 


Second-order fermions and the Standard Model 


In order to justify a second-order description of fermions, it is not only important 
but necessary to reformulate the whole SM in this formalism. In its usual form, 
it is a version of the first-order Dirac Lagrangian. As we argued above, there 
should also exist an associated second-order formulation that can be obtained 
by integrating out the “momenta” fields of the first-order formalism, and indeed, 
such a second order formulation exists and has been studied by many authors. 
The list of references that we are aware of is [5 -18 , plus a few more works listed 


^In the case of Majorana fermions the spinor is linked to its hermitian conjugate through 
the Dirac equation. 
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in A lot of insight can be gained on the issne when one expresses all the 
quantities in terms of two-component spinors, and hence, our approach will be 


closest to that in 19 


In terms of two-component spinors it is straightforward to observe that for fermionic 
Lagrangians the “momenta” canonically conjugated to, say, unprimed spinors, are 
the primed spinors. In a path integral formulation of the the theory, these spinors 
are treated as independent degrees-of-freedom that have to be integrated over, 
and thus one can freely choose to integrate out the primed spinors only, arriving 
at the second-order Lagrangian for unprimed two-component spinors. A common 
aspect of second-order theories, is that the complexity of the hrst-order formalism 
is shifted from the propagator to the vertex, which in the second-order formalism 
contains a derivative operator. There is also now a new quartic vertex, absent 
in the hrst-order formulation. Thus, one obtains a formalism for fermions with 
Feynman rules very similar to those in QCD, with the familiar {dA)A^ and 
vertices. 

Because the propagator of the second-order formulation is essentially a scalar-type 
propagator, and because we are working with two-component fermions, the spinor 
algebra calculations that are often cumbersome in usual Feynman diagrams are 
much simpler in this case. The second order formalism is also very ideally suited 


for computations using the spinor helicity methods, see also 19 for an emphasis 
of this point. Indeed, in computing Feynman diagrams, all that is left to do is 
proceeding with spinor contractions, and therefore projecting over helicity states 
becomes a trivial exercise. All in all, we will see that the second-order formalism 
is more efficient in perturbative calculations. 


Checking the consistency of the theory 


It is important to note at this point, that the aim that we are trying to achieve 
here, is a completely equivalent description of spinor held theories. It is obviously 
possible to consider modihcations of these as we will discuss later on, however, as 
a hrst check we would like to see whether we can reproduce all the basic properties 
of our usual well-known QFTs. 

In the case of fermionic Lagrangians, a non-trivial consistency check is that of the 
presence (or absence) of anomalies. A lot of attention has been paid in the past 


to the treatment of anomalies in gauge theories (see 20-22 for further reading). 
Indeed, although they would have catastrophic consequences if they affected a 
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gauge symmetry, they are of evident use when affecting a global symmetry as 
in the effective held theory description of the pseudo-goldstone bosons of chiral 
transformations in QCD or for solving the U{1) problem, again in QCD. They 
also lead to new phenomenological models such as the axion and appear not 
only in high-energy particle physics, but also in condensed matter physics when 
one is interested in an effective held theory description of the system through 


bosonisation of the fermions (see e.g. 23,^). In this thesis we will show that 
we can reproduce all of the non-trivial aforementioned results. 

A reason why we do not learn about fermions directly in their more computa¬ 
tionally superior second-order version is that there is a price to pay for going to 
the second-order formulation. Thus, having integrated out the primed spinors, 
which in the Dirac Lagrangian are Hermitian conjugates of the unprimed, we 
have lost manifest unitarity. As a matter of fact, when reformulated in a second- 
order formalism, the Lagrangian for a spin 1/2 particle becomes non-hermitian. 
Although the theory is obtained from a first-order Lagrangian which is known to 
lead to a unitary S-matrix, an independent proof of unitarity in the former for¬ 
malism is needed. In this work, we investigate how particular reality conditions, 
that we describe in the first part of the thesis, lead to a unitary theory in the 
context of perturbation theory, when imposed on the external states appearing 
in the S-matrix. The unitarity of quantum held theories is a fundamental prop¬ 
erty required of any model aiming at describing Nature. For example, it leads 
to sensible probabilities when calculating the possible outcomes of a scattering 
experiment that can be measured in a laboratory. Here, we will only consider 
perturbative unitarity of the S-matrix, that is, we only require the latter to be 
unitary order-by-order in pertubation theory. We will follow an approach that 


was hrst developed by Veltman 25 , who used the decomposition of the Feynman 
propagator into forward and backward propagators to construct an equation that 
only depends on a combinatorics argument. 


Novel aspects 

After having presented the main aspects of the formalism and checked its con¬ 
sistency, it is worth starting to look at novel aspects that are specihc to our new 
formulation. As a matter of fact, one of the most striking aspects of the second- 
order theory is that it involves only half the number of fields. This has direct 
consequences on beyond SM physics (BSM), most particularly on Grand Unihed 
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Theories (GUTs) models. It is well know that the biggest successes of particle 
physics in the twentieth century have to do with the edihcation of the SM, but this 
relies on the important fact that the weak and electromagnetic forces have been 
unihed into a Yang-Mills theory of electroweak interactions: SU{2)w x U{1)y- 
Once this was achieved and after evidence arose from high-energy Quantum Chro¬ 
modynamics (QCD) that quarks come into three colours, leading to the estab¬ 
lishment of the additional SU{3)c symmetry group, it was only a matter of time 
before physicists tried to unify further the SM. The most famous attempts were 
Georgi-Glashow’s SU (5) and Pati-Salam’s SU (4) x SU (2) x SU (2) , which 

can be both further embedded into an 50(10) gauge-group, see e.g. [^. The 
groups that are allowed in these GUTs are constrained by both the forces and 
matter content of the SM. As we mentioned above, the fact that we have a dif¬ 
ferent number of fermionic representations in our model, directly influences the 
different GUT patterns that can be obtained. We will develop this in more details 
in Chapter Further novel aspects of the theory that have not been covered in 
this thesis will be mentioned in the discussions throughout the chapters and in 
the hnal conclusion. 


Plan for the thesis 

The aim of this work is to be as self-contained as possible, however, it is obviously 
unavoidable that a minimal set of concepts is assumed to be known. Nevertheless, 
we hope that this thesis can be thought of as a reference as far as second-order 
fermionic held theories are concerned, therefore, in Part I we construct explic¬ 
itly the theory of Majorana-Weyl fermions. Chapter [T| and then generalise it to 
Dirac fermions. Chapter In these two chapters, both a hrst- and second-order 
description can be found, their aim being the acquisition of a certain ease with 
the two-component spinor formalism. 

Part II describes the construction of Quantum Electrodynamics, Chapter and 
of the Standard Model, Chapter]^ The former will be the framework with which 
we will be doing calculations in the rest of the thesis, whereas the latter has its 
obvious importance. 

We then arrive to Part III, where in Chapter we deal with simple tree-level 
processes in order to get acquainted with the perturbative methods in their newly 
introduced second-order framework. Renormalisation problems in Chapter are 
the hrst step towards the non-trivial consistency checks that we derive in Part 
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IV. 

We start checking that the formalism can reprodnce appropriately some non¬ 
trivial resnlts snch as the anomalies in Weyl and Dirac theories, Chapter In 
Chapter we prove that the theory we have been working with is indeed nnitary, 
and hnally in Chapter 10 we present new possible nnihcation patterns that are 
available dne to the specihcities of the second-order theory. 

The thesis will end with a conclusion that will summarise what was achieved with 
this work, and a series of appendices follow in order to hll some gaps that the 
main text might have left. 
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Free Field Theory 
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Chapter 1 


Majorana-Weyl Fermions 


1.1 Introduction 


When studying the representation theory of the Lorentz group in four dimensions, 
the simplest non-trivial representation that can be built is that of a Majorana(- 
Weyl) fermion. It amounts to taking one single copy of a state transforming 
under the (1/2,0) or (0,1/2) representation. A held theory can then be written 
for such a state and the latter is called a Majorana spinor if it is massive, and 
a Weyl spinor otherwise. In this chapter, we construct and quantise the held 
theory of such objects. First in the usual hrst-order formalism and later as a 
second-order theory. For a review on two-component spinors and for a guideline 
on the conventions that are used here, see Appendix [A| 

1.2 First-order formalism 

1.2.1 The Weyl (Majorana) Lagrangian 

Let us construct a free held theory of a single Grassmann-valued two-component 
spinor Aa- The most general Lagrangian that is Hermitian and contains only 
terms of mass dimension four or lower is given by: 



( 1 . 1 ) 




'A — 


The hrst term can be rewritten as a combination of two terms that make the 
Lagrangian explicitly Hermitian, but this rewriting is equivalent to the above 
Lagrangian up to a surface term. Note that it is the Hermiticity that requires 
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the presence of the imaginary unit in the kinetic term. Moreover, the sign in 
front of the latter is not arbitrary, it has to be chosen so that the Hamiltonian is 
positive dehnite, see below. Note that we could have taken the mass parameter 
m to be complex as long as m* is used in the second mass term. However, the 
phase of m can always be absorbed into A^i, and is thus irrelevant. In particular. 


the sign in front of m is arbitrary, and the sign as in (1.1) can be achieved by a 


redehnition of the spinor helds. The factor of a/2 in front of the hrst (kinetic) 
term is introduced for convenience. 

For m = 0 one obtains the theory hrst considered by Weyl; 


£w.,i = 


( 1 , 2 ) 


It is often convenient to rewrite formulas omitting the spinor indices. Using the 
index-free notation the above Lagrangian is rewritten as: 


/:Maj = -tV2X^e^d^x - jxx - 


which is indeed more compact than (1.1). 


(1.3) 


1.2.2 Field equations and mode decomposition 

The held equations for ( 1.1[ ) are obtained by varying the action with respect to 
Aa and which for purposes of obtaining the held equations can be treated 
as independent variables. Note that special care needs to be taken when varying 
with respect to Grassmann-valued variables. Indeed, in the Grassmann case the 
left derivative is no longer the same as the right derivative. One has to decide 
which derivative is used. A good convention is that one varies with respect to 
unprimed spinors from the right, while with respect to primed spinors from the 
left. This gives, for the primed spinor equation: 


iV2e>^^^'d.XA + mX^^' = 0 


(1.4) 


and for the unprimed spinor equation (note that we need to integrate by parts, 
hence an extra minus sign): 

iV2 dfj,X^A' ~ = 0 ( 1 - 5 ) 


Note that this is the Hermitian conjugate of (1.4), as it should be. In order to 
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see what these equations imply, we solve the hrst equation for and substitute 
the result into the second equation. Thus, 


and then 











A'du^B 


— mX^ 


0 . 


( 1 . 6 ) 


(1.7) 


Note that we have here two soldering forms with their primed spinor indices 
contracted. Moreover, their spacetime indices are contracted wit which is 

symmetric in (partial derivatives commute). Thus, we are interested in the 
object 9'’'^^aa where the brackets denote the symmetrisation: 




1 

2 


(/ii/ + i^/i) 


( 1 . 8 ) 


This object can be computed explicitly from the formula for the soldering form 


given in (A.33). Alternatively, one may expect that this object must be pro¬ 


portional to the spacetime metric and then compute the proportionality 
coefficient from the formula for the metric in terms of the soldering form. One 
gets: 




(1.9) 


This formula is the simplest from a series of identities satished by the soldering 
forms. Many other useful identities can be derived. We now use this identity in 
the above equation for A"^, which we multiply by m to put it into the form: 


(□ -m2)A^ = 0. 


( 1 . 10 ) 


Thus, each component of our two-component spinor A"^ satishes the wave equa¬ 
tion already familiar from the scalar held theory case. It is then clear that the 
parameter m plays the role of the mass of our fermionic particles. This stems 
naturally from the group theory of the Poincare group, where the momentum 
generator squared is a quadratic Casimir for any representation and can be used 
to dehne a differential equation for the states. 


In deriving (1.10), we have used two hrst-order held equations for two-component 
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spinors Aa and to obtain a second-order eqnation for Aa- However, if we 
regard the latter as the dehning eqnation of the system, it is clear that some infor¬ 


mation has been lost, and our original equations imply more than (1.10). In order 


to understand what the hrst-order differential equations imply for the theory, it 
is convenient to work in momentum space. Thus, we expand the spinor helds Aa 
and Al^' into Fourier modes. As it is usually done in held theory, a second-order 
wave equation will give rise to two linearly independent solutions: positive and 
negative energy modes. This leads to the following mode decomposition: 


AA(:r) = / (27^)3^^ 


= j dVtk (aA{k) 


^+ikx 




( 1 . 11 ) 


where (El^ is the Lorentz-invariant momentum-space measure, and = (— k). 
As for the scalar held, we expect that the coefficient (operator) in front of the 
mode to be a creation operator, and this is why it was denoted by h\{k). 
Similarly for the Hermitian conjugate spinor, we have: 


At^'(x) = 


(Ek 




(27r)32n;fc 

= J dVlk (a^^'(A;)e-'^" + 6^'(fc)e+'^") 


( 1 . 12 ) 


We can then rewrite the hrst-order diherential equations as algebraic equations 


for the modes. The equation (1.4) then becomes: 


y/20i^^^' ki_,aA{k) — mb^' {k) = 0, k^b\{k) + ma^^'{k) = 0 (1-13) 


The second equation (1.5) is the complex conjugate of (1.4), and so we get another 
pair of equations: 

_ fnb^^{k) = 0, a/26*'^"^'^ k^bA'{k) -|- ma^{k) = 0 (1-14) 


The above equations imply that the operators a Aik), b^' (k) are not independent, 
they can be written as linear combinations of one another. Hence, the content of 


(1.4), (1.5) can be summarised by saying that they imply: 


b'^'ik) = k^ttAik) 

m 


(1.15) 
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as well as the on-shell condition = 0. This last condition, together with 


(1.15) is equivalent to the full set of hrst-order differential equations. In order to 


have a more compact notation, it is convenient to introduce: 


kAA' QAA'kt^ 


(1.16) 


Using the above notation as well as (1.15), the mode decomposition (1.11) can 
be rewritten as: 

A^(x) = J dQk (^aA{k)e+^^^ - (1.17) 

Thus, we see that in the case of a single Majorana fermion there is just one type of 
ladder operators, and therefore in a particle interpretation, a Majorana particle 
is its own anti-particle. This can be explained by noting that the Majorana 


equation (1.4) can be interpreted as a reality condition for the fermion held Ayi. 


Indeed, we have a complex spinor held Ayi satisfying the wave equation (1.10). In 


general, for a complex held we get two types of creation-annihilation operators, 
and thus particles and anti-particles. However, in this case the held satishes 


an additional equation (1.4) that can be interpreted as a (non-trivial) reality 


condition. This condition relates the anti-particle operators to the particle ones, 
and thus is the reason why there is only one type of operators in the mode 


expansion: the Majorana spinor is real in the sense of (1.4) 


The above mode decomposition can be used as a starting point for the canonical 
quantisation, i.e. the computation of the (anti-)commutators of OA^k) and a\,{k), 
particle interpretation, and then the derivation of the LSZ formula needed for 
extracting the scattering amplitudes from the correlation functions. To do this 
we need the Hamiltonian formulation of the theory. 


1.2.3 Hamiltonian description of a single Majorana fermion 

We now proceed with a space-time split of our quantities in order to dehne the 
Hamiltonian of the theory. Necessary material for the understanding of what 
follows can be found in Appendix |A.2[ The 3-1-1 decomposition of the Majorana 


Lagrangian (1.1) is given by: 


Cuai = iV2X^A,eQ^'dtXA - iV2X^A,e'^'^'diXA - ^X^Xa - ^A^,A^^' (1.18) 


m 
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It readily follows that the canonically conjugated momentum to the spinor field 
Aa is given by: 


TT^ = (1-19) 

Notice that the normalisation that we chose for the kinetic term involving a 
factor of a/2 is needed precisely in order to have such a simple relation between 
the conjugate momentum and the T*r-conjugate of We can now rewrite our 
Lagrangian as: 


■CMaj = 


( 1 . 20 ) 


where we have used the spatial soldering form in their version (A.62). An al¬ 
ternative expression for the above Lagrangian involving the star-conjugation is 
given by: 


/iMaj = tX^^dtXA + A*^n^a,As - ?A^Aa - ^(A*)aA 




( 1 . 21 ) 


Using {X^rj^Y = (rf)^{X*)^ as well as the fact that = —1 and that the 

quantities are i*r-Hermitian, one can easily check this Lagrangian to be *- 

Hermitian modulo a surface term. 

A useful exercise for what follows is to hnd the held equations that follow from 
(1.20). Treating the fermionic helds A"^, as independent we get: 


A^ — iT^^diXs — rmiA = 0, t^a + iT^^diiiB + tuXa = 0 


i B; 


( 1 . 22 ) 


The second equation is the i*r-conjugate of the hrst, as it should be. One can hnd 
the momentum tta from the hrst equation and substitute the result to the second. 


Using (A.63) and multiplying the result by m one gets: 


[dtdt - did'' + m^)XA ^ 0 


(1.23) 


which is the desired massive wave equation for a two-component fermion. 


1.2.4 Momentum spinors and mode decomposition 


The mode decomposition (1.17) is not a good starting point for computations, 
because the operators a^{k) and (k) are not the canonically normalised oper- 
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ators for creation and annihilation of particles. It is also clear that a^{k) contains 
in fact two operators when decomposed into some basis in the spinor space; it is 
a spinor-valued operator and we would like to have a mode decomposition where 
the ladder operators and the polarisation spinors appear explicitly. For all these 
reasons it is necessary to develop another tool — that of momentum spinors. 
Consider a null real four-vector = {\k\,k) (not yet related to the momentum 
of any particle). As such, it can be written as a product of two spinors k^ = 
'^■^■1 k^k^' = 9^^'k^. In the case of Lorentzian signature the spinors 
k^, k"^' must be complex conjugates of each other (for a real four-vector). It is 
then clear that k^ is only dehned modulo a phase. Moreover, as the vector k 
varies, thats is, as n = k/\k\ varies over the sphere there is no continuous 
choice for the spinor k^. We make the following choice for the momentum spinor: 

k^ = k^{k) := 2^/^^ (cos(0/2)e*'^/2o^ + sin(0/2)e-*'^/\^) (1.24) 


where o^, is a basis in the space of unprimed spinors. Here 9, cf) are the usual 
coordinates on S'^ so that the momentum vector in the direction of the posi¬ 
tive z-axis corresponds to 9 = (p = 0. We see that the corresponding spinor is 
. The formula (1.24) can be checked using the expression (A.33) for 
the soldering form. 

We can now readily observe how the spinor changes as we rotate the vector 
k. Consider, for example, what happens when the momentum direction gets 
reversed. This corresponds to 9 ^ n — 9 and 0 —>■ 0 -|- tt. We get 

k^{-k) = 2^/H^/\k\ (sin(0/2)e*'^/2o"^ - cos(0/2)e-*'^/\^) (1.25) 


Let us compare this to the effect of the ^-operation on the momentum spinor. 
We have 


k^{-k) = -ik*^{k) 


(1.26) 


We could have chosen a different phase factor in (1.24) so that there is no imagi¬ 


nary unit in this formula. However, in this case some formulas below become less 
symmetrical. 


An interesting consequence of (1.26) can be obtained by taking the T*r-conjugate 


of this formula. Using -k^ = —1 we get k*^{—k) = —ik^{k). This means that 
flipping the sign of the momentum twice we get minus the original momentum 
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spinor. In other words, takes valnes in a non-trivial spinor bnndle over S"^. 
Let us now see how this formalism can be applied to the mode decomposition 


(1.17). 


As is usual in held theory, the Hamiltonian formulation of the theory allows for 
a standard derivation of the commutation relations between the ladder operators 
appearing in the mode decomposition of the helds. However, as was mentioned 


above, (1.17) is not suitable for this task as it contains a mixture of unprimed 


and primed spinors, whereas the Hamiltonian description only contains unprimed 
SU (2) spinors. Therefore, we need an new adequate decomposition that will allow 
us to do so, and that additionally, will allows us to show that the Hamiltonian of 
the theory is indeed positive dehnite. 

It is clear that momentum spinors k^{k) and k*^{k) that we introduced above are 
linearly independent and can be used as a basis to decompose the operator-valued 
spinor a^{k). Thus, we introduce a pair of operators 


a^{k) = k*^{k)al + k^{k)a^ 


(1.27) 


where the interpretation of the new operators is to be clarihed below and the 
momentum spinors k*^ and k^ still have to be related to the four-momentum of 
the particle. We have denoted the new operators with an overtilde because they 
are still not canonically normalised to have a particle interpretation. 

The mode expansion convenient for the purposes of the Hamiltonian formulation 
is then obtained by either just expressing everything in terms of ^-conjugate 


spinors in (1.17), or alternatively by writing a general mode expansion and then 


using the held equations in their form (1.22). For using this second method we 
note that the operator T\^di becomes, when acting on the modes 

= \k\ ({oAO^e^^ - sin(0) - [oal^ + lao’^) cos ( 0 )) (1.28) 


When acting on the momentum spinors k^, k*^ this gives 


T\^dikB{k)e^^^ = -\k\kA{k)e^^^, TX^dik%{k)e^^^ = (1.29) 


Akx 


Akx 


i Ba L* 


Akx 


Akx 


so these are eigenmodes of eigenvalues tI^I- Using this fact, we get the following 
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mode expansion 


= J dClth^at + 


(1.30) 


— {k*^{ujk-\k\)al - k'^{uk + \k\)al'^)e 


—ikx 


m 


where we dropped the argument k from k^{k) and k*^{k) for brevity. This 


coincides with what is obtained directly from (1.17). 


1.2.5 Quantisation and polarisation spinors 

Let us now compute the (anti-)commutational relations between the a^, 
operators. With our conventions the anti-commutator between is 

\^{y)} = -ie^^5^{x - y) (1.31) 

One then hnds that the non-vanishing anti-commutators are 

(1.32) 


To obtain this result we have used the following relation for the momentum 
spinors 




(1.33) 


which can be checked using the corresponding dehnitions. 

Thus, the operators we have introduced are not canonically normalised. Let us 
introduce new, canonically normalised operators via 


ai. = 


(Xk - \k\ 

\ V2\k\ ' 




ai, = 


X!k+ \k\ _ 

du 


\ V2\k\ 


The new operators satisfy 

( 4 *.“?} = - p) 


(1.34) 


(1.35) 


PhD Thesis 


19 


Johnny Espin 













Chapter 1. Majorana-Weyl Fermions 


The mode decomposition in terms of the canonically normalised operators is 


A4(a:) = I (e>s + £^“1 + (ej4 “ 


(1.36) 


where we have introduced the polarisation spinors 


4 = 




\ \/2m\k\ 


'^Ai 


= 


ujk-\- \k\ 
\ \/2m\k\ 


k. 


(1.37) 


which are normalised so that = 1- 

For completeness, let us also give the expression for the momentum 


t^a{x) = dQkVm(^ (-(Wfc - \k\)ey^al'^ + {uk + \k\)e\al ) e (1.38) 

+ {-{^k - IkDeJak - (wfc + \k\)e\a^) 


Alternative expression for the polarisations 


Here we motivate our choice for the normalisation of the operators (and the 
polarisation spinor e^) by providing an alternative expression. We also relate 
the momentum spinors that we have been using to the four-momentum of each 
mode. Let us consider the quantity k"^^' dehned in (1.16) that corresponds to 


an excitation with the corresponding momentum. This is a massive quadrivector 
k^A'kA^' = —Tn?- However, we can always represent it as a sum of two null 
vectors. In the spinor notation 


^AA ^ j^Aj^A _ 


9 4 4 ' 

mpp 


2(A'EpB)(A-£.p«') 


(1.39) 


Here p^p^' is a reference null vector (in the spinor form). The above decompo¬ 
sition of k"^^' is dehned once p^ is chosen. Let us compute K^,p^ in the frame 
in which the spatial momentum vector k points along the z-axes. In this case we 


have from (A.32) 


k^"^' = -^{^k + \k\)o^o^' + -^{^k 




(1.40) 


We would like our to be proportional to k^, which in this case is a multiple 
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of o^. Thus, we take ~ and get 


K^ = 


^Juk + \k\ 


21/4 


0^ = 


+ 1^1 , A 

^ m 


(1.41) 


Note that in the massless limit we get as one can expect. 

Using the spinor we can now write the polarisation spinors in the following 
convenient form convenient for calculations 


= 2‘/‘ 


A'.4 


m 


eh = 


y/mpA 

2^I\K^Pe)' 


(1.42) 


1.2.6 Hamiltonian 

The total Hamiltonian is given by 


H = J Sx {in^T\^diXB + {rn/2)X'^\A +{rn/2)'K^'KA^ (1-43) 


Substituting (1.36) one gets 


I mf m + Wfe + |fc| + t + 

H= I dilk—[ -TTTTOfc - aZal 


2 \ujk + \k\ " " m 


‘'k ^k 


m 


ojk - \k\ 


t- - eufc - \k\ _ 




m 


^k 


where we have used 


(1.44) 


k*-*kA = V2\k\ 


(1.45) 


The normal ordered Hamiltonian (he. ignoring the contribution from the zero 
modes) is then 

H = j dVLkUJk + (ah)^«fc) (1-46) 

which conhrms the interpretation of and as the creation-annihilation op¬ 
erators of two species of particles of the same energy Uk- 


1.2.7 Massless limit 

It is now not hard to obtain the massless limit of the above theory. This is called 
a theory of a Weyl fermion, in contrast to the Majorana massive case considered 
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so far. For small m we have 


m 


= l*:| + ^ + 0(171*) 


(1.47) 


and two of the terms drop out from the expansion (1.36). What remains is 


\a{x) = j k A [a^e 


— -\-ikx —ikx 


ai e 


(1.48) 


with the corresponding momentum given by 

TiAix) = i J (-a+e+*^^ + (1.49) 

The main difference with the massive case above is that in the Weyl theory 
the held A(x) does not satisfy any equation that can be interpreted as a reality 
condition. It satishes a constraint equation. 

The full Hamiltonian in the Weyl case is 

H = J d^x (in^T^^diXs) = J dQkOOk (-44^ + 4“afc ) (1-50) 


reproducing of course the same normal ordered Hamiltonian (1.46). 


1.2.8 Parity 

It is clear that both modes enter the Majorana theory symmetrically. Thus, 
there is a discrete symmetry with an action which changes the sign of the spatial 
momentum and exchanges the two modes. However, since for fermions the square 
of this operation can also take value minus one, we can have an additional phase 
in the dehnition of this transformation. 

P^a^P = r]a^k ( 1 - 51 ) 

as it leads to the most convenient transformation property. Let us determine 
what effect this has on the held operator A(x). It is clear that this operation 
must have something to do with the inversion of the spatial coordinate x —)■ —x. 
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Thus, we compute 


PU(t, -x)P = dQkVm(^r] (-(cufe - j/cDe^a^ - {uk + IkDe^a^) 

(1.52) 

+V* (—— \k\)ej^al'^ + (cufc + \k\)e\al ) e 

where we have used kA^—k) = —ik\{k), k\{—k) = —ikAik) and that 

ook + \k\ _ m 
m ojk — \k\ 

We see that for the field to be a representation of parity we must have 

r] = r]* (1.54) 


(1.53) 


Then 


F'*^A(t, —x)P = ri7r{t, x) = riiX*{t, x) 


( 1 . 66 ) 


Using this transformation rule on (1.43), we see that the theory is parity invariant. 


1.3 Second-order formulation of the Majorana 
theory 

We now turn to the main subject of this thesis, which is a second-order formula¬ 
tion of fermions. We first study it on the simplest example of Majorana theory. 


1.3.1 Second-order Lagrangian 

As we have already mentioned in the introduction, a second-order formulation 
can be obtained by integrating out all fields of an SL{2,C) representation of 
one chirality. We choose to integrate out the primed spinors, so that the action 
depends only on an unprimed spinor. 

Let us carry out this simple exercise. We will keep all the spinor indices explicit 
to make the operation more transparent. The field equation that one gets for X\, 
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is 




(1.56) 


where as before = 9^^'^d^j,. This equation can be solved for the primed 
spinor, we hnd: 


At^' = 


i ^/2 


m 




(1.57) 


We now substitute this back into (1.1) and get a second-order action involving 
only A^. We have 


-^Maj —- Qa' 

m 


XaO^'^Xb - jX^Xa 


(1.58) 


Let us now integrate by parts to put both derivatives on the same spinor held; 
taking into account the fact that partial derivatives commute and using the simple 
identity: 




we get the following chiral Lagrangian 

1 


m 


Z^Maj = —A^'DAa - -A^'Aa 


2m 


(1.59) 


(1.60) 


which is just the obvious second-order Lagrangian leading to the Klein-Gordon 
equation as its held equation. 

Finally, we rescale the held Aa to have the canonically normalised Lagrangian. 
Thus, we introduce 


iA = 



(1.61) 


in terms of which the Lagrangian takes the form 

/:Maj = -dA'^Ud^^iB - (1.62) 

where we have kept the unsymmetrised kinetic term for reasons that will become 
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clear later oifl 


1.3.2 Second-order Hamiltonian formulation 


Let us now derive the Hamiltonian density for the second-order Lagrangian (1.62) 
The momentum conjugate to is 


P 


A 




(1.63) 


and then the Hamiltonian density is 


n = \p-'pA + 


(1.64) 


where we have again symmetrised the kinetic term as well as the spatial gradient. 
For each mode this is just a harmonic oscillator of frequency Uk- However, 
the field ^a has 4 real components, and thus describes twice too many modes as 
compared to the original system. Thus, reality conditions need to be added to 


recover the original dynamics. The reality conditions are (1.22), rescaled to make 
sense for We choose to write them in the form 


eA = — {dtU-iT\^diiB) 
tm ^ ^ 


(1.65) 


which is of course just the original Majorana equation in its time plus space 
version. After the reality conditions are imposed, there are only two propagating 
modes left, and one recovers the original system. The reality conditions are 
quite non-trivial, and result in the following decomposition of the held ^ into the 
canonically normalised modes 


^a{x) — J dHfc ^ -1-e (1.66) 


To write this we just took the mode decomposition (1.36) and divided by y/m to 
get As we shall see below, this is completely legitimate because the passage 
between the hrst- and second-order descriptions is a canonical transformation. 
Thus, the commutational relations and the form of the Hamiltonian in terms of 


^As an advanced notice, when considering interactions for second-order fermions, it is the 
unsymmetrised version of the Lagrangian that allows for a simple minimal coupling. Neverthe¬ 
less, whenever one is considering the free theory, the kinetic term can be rewritten as a Laplace 
operator without losing any information. 
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is as we found before. In particular, it is worth emphasising that the 


theory (1.62) that is in no sense Hermitian, after imposition on it of the reality 


condition (1.65) becomes an ordinary theory with a Hermitian Hamiltonian. 


Canonical transformation 


A transformation between the original hrst-order description (1.43) and (1.64) is 


a canonical one. Indeed, starting from the second-order description, let us dehne 
new conhguration and momentum variables via 


Aa = yMU, = -1^ 


This is a canonical transformation because modulo a surface term 


(1.67) 


SAa = P StU 


( 1 . 68 ) 


And in terms of the new variables the Hamiltonian density takes the form 


V. = diXs + ^tt^tta ^A^Aa 


m 


m . 


(1.69) 


which is the original Hamiltonian (1.43). This implies, that the second-order 


formulation, even though it uses only one chirality of spinors, is still Hermitian 
and parity invariant. 


1.3.3 Working with the second-order formulation 


Let us now discuss if we could start with (1.62) and consistently work with the 


second-order formulation. The Lagrangian (1.62) is holomorphic in the held 


and is not Hermitian. It is clear that to lead to unitary physics it needs to be 
supplemented with a reality condition. In our case the required reality condition 


(1.65) came from the original hrst-order formulation, but an interesting question 


is if it is possible to “discover” the condition (1.65) without any prior knowledge 
of it. 

Let us hrst discuss this at the level of the Lagrangian. The reality condition is 
some equation that relates the held to its complex conjugate. In general it is the 
statement that some anti-linear operation R applied to the held leaves it invariant. 
In the case of Majorana theory this anti-linear operation is the combination of, 
hrst, the application of the operation of Hermitian conjugation on the spinor Aa, 
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and then converting the resulting primed spinor to an unprimed one with the 
help of the Dirac operator 

{RX)a = ^ —Oaa'X^^' (1.70) 

im tm 

Thus, the anti-linear operation that gives the required reality condition can be 
schematically written as 

R = ^—9 o f (1.71) 

i m 

This operator maps unprimed spinors into unprimed spinors, and so can be used 
as imposing the reality via 


R\ = X 


(1.72) 


It is also a quite natural operator to be used for this purpose. Indeed, since R must 
be anti-linear it must involve the operation of taking the Hermitian conjugation 
of A. However, then the resulting spinor will be of a different type from the 
original A^, and thus cannot be compared to A. But one does have an operator 
converting spinors of one type into those of the other - the Dirac operator. This 


is exactly what is used in (1.71). The proportionality coefficient is then hxed 


from the requirement of compatibility with the dynamics of our theory. Indeed, 
the operator R^ is a linear, second-order differential operator. Fields A satisfying 
RX = X will also satisfy R^X = A. This second-order differential equation for A 
must be compatible with the dynamics of the original complex theory. The easiest 
option is that it coincides with the held equation that one obtains for A from the 
original complex Lagrangian, and this is precisely what we have happening. 


To summarise, one could start with the theory (1.62), and then search for an anti- 


linear operator that can be used to impose the reality condition. Since Hermitian 
conjugation sends unprimed spinors into primed we have to use the Dirac operator 
to build up R. Then the linear operator R^ must be compatible with the dynamics 
of the theory, which in our case hxes the choice of R completely. After the 
reality condition RX = A is imposed, the theory becomes an usual theory with 
a Hermitian Hamiltonian. There is however no guarantee that such a procedure 
of hnding an appropriate R works for an arbitrary complex Lagrangian. But the 
importance of the above example is in showing that the requirement of working 
with a Hermitian Lagrangian can be too restrictive, and that non-hermitian. 
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holomorphic Lagrangians can also lead to the usual unitary dynamics provided 
an appropriate operator R exists that can be used to impose the reality. As the 
example of Majorana theory shows, this operator can be quite non-trivial, and in 
fact be a differential operator. 

Let us now, in anticipation to later chapters, briefly discuss how to do computa¬ 
tions with such a holomorphic, second-order in derivatives formulation. The key 
point is that one only needs to worry about the reality of the held (and resulting 
particle interpretation) on the external lines of all the diagrams. On the internal 
lines one can safely forget about any issues of reality, because in the fermionic 
path integral the spinors and their complex conjugate spinors are integrated over 
independently, and this takes care of the reality constraint: the second-order 
Lagrangian that arises from this integration automatically knows about the con¬ 
straint, the interactions are built such as to respect the reality condition. So, the 
/^-operation that we discussed here is only important to hx the mode decompo¬ 
sition (1.66) and thus the particle interpretation. It is of no importance at all for 
computing the correlation functions of the held operator. It is only after these are 
computed, that one extracts the scattering amplitudes via an appropriate version 
of the LSZ formula that follows from (1.66). Having these rules in mind simplihes 
computations signihcantly, because one can compute Feynman diagrams working 


with a holomorphic second-order theory (1.62), which has much simpler Feyn¬ 
man rules (even in the case in which we have interactions with external gauge 
helds) than the usual hrst order action. Below we shall apply these ideas to the 
Lagrangian of the Standard Model, after the Dirac spinors are discussed. 
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Dirac Fermions 


2.1 More general fermionic Lagrangians 

We have considered the Lagrangian for a single two-component fermion. Let us 
now generalise this, and consider a collection of N two-component fermions that 
we shall denote by X\,i = 1,..., N. It is clear that the following Lagrangian is 
the most general Hermitian Lagrangian of mass dimension four: 

N 1 1 

C = J2 -iV2Xldy - ( 2 . 1 ) 

i=i 2 2 

Note that since A*A-^ = AW* the matrix is symmetric. The matrix is 
then the complex conjugate of Mij. 

Note now that the hrst kinetic term is invariant under the following “flavour 
symmetry”: 


UeU{N) (2.2) 

This symmetry mixes up the different fermionic species present. The mass terms 
are not invariant. However, we can use the chiral symmetry to diagonalise the 
mass matrix Mij. Indeed, being a symmetric N x N matrix is is parametrized 
by N{N -|- l)/2 complex numbers, and thus by N{N + 1) real numbers. On the 
other hand, the (real) dimension of U{N) is iV^. Thus, using the available U{N) 
freedom we can kill of the components of Mij, which leaves us with only N 
real diagonal entries. In fact, the transformation of absorbing the phase of the 
parameter m of our original Majorana Lagrangian into the fermionic field A^, 
which allowed us to take m to be real, was an example of a, U (1) transformation. 
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Therefore, we can always go into the mass eigenstate basis and write down the 


most general fermionic Lagrangian (2.1) as follows: 


N 


^ = - }-miXlx] 

i=i ^ ^ 


(2.3) 


where now = m* are real mass parameters. These are, in general, all different. 
Thus, in general, the most general fermionic Lagrangian is just a collection of 
Majorana Lagrangians that we have considered before. 


2.2 The Dirac Lagrangian 

A case that is very important for applications arises when two of the mass eigen¬ 
states of our collection of fermions have the same mass. Let us consider this 
case specihcally. Thus, we now introduce different names to our two Majorana 
fermions, and call them rj and A. We get the following Lagrangian: 

/Id = -tV2X^dX - - |aA - - yAtAt - (2-4) 

With the mass spectrum being degenerate, this Lagrangian has a residual 50(2) 
symmetry mixing the two fermions: 

r] ^ cos{a)ri + sm{a)X, A —)■ — sin(a)77-f-cos(a)A (2.5) 

where a G M. Let us rewrite this Lagrangian in the form that makes the above 
50(2) symmetry an U{1) symmetry. Hence, let us introduce the following com¬ 
plex linear combinations of our fermions: 

X:=^(h + ^A), ^■=^{7^-iX) (2.6) 

These can be seen to transform as 

X ^ e ^ (2.7) 

The Lagrangian can be written in terms of these new fermionic helds, and reads: 

Cb = -iV^x^dx - - m{x^ + y^^^) (2.8) 
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In this form the Lagrangian is explicitly invariant under ( |2.7 ). We note that more 
generally, the mass matrix will break the chiral flavour U{N) symmetry down to 
some symmetry group G. Fermions of the theory can then be classihed according 
to representations of G that they realise. Thus, in the Dirac case the symmetry 
is broken down to U{1), and the two fermions that we have transform in complex 
conjugate representations of U{1). 


2.2.1 Dirac spinors 

As we shall soon see, the “global” U{1) symmetry of the Dirac Lagrangian can be 
made local by introducing a gauge held. The resulting theory is the one relevant 
for (quantum) electrodynamics. It was hrst discovered in a different form by 
Dirac. To motivate the original Dirac’s version, let us note that the Feynman 


rules for the theory (2.8) are quite complicated. Indeed, the Lagrangian pairs 
helds X with yl and ^ with in the kinetic terms, as well as pairs in 

the mass terms. Thus, there are 4 different propagators to be considered. This 
makes Feynman diagrams calculations with the above Lagrangian quite complex 
(because of the number of diagrams), see Appendix]^ This can be avoided if we 
put two two-component spinors into a single four-component (Dirac) spinor. It is 
only natural to clamp together fermionic helds that are in the same representation 
of the U{1) group. This is why we dehne: 


T ;= 


X 


(2.9) 


We also dehne the Dirac conjugate of T via: 


4 := ( J x* ) 


( 2 . 10 ) 


We now have: 


^^ = ^X + X A 


frf 


( 2 . 11 ) 


which is the correct mass term in (2.8). To rewrite the kinetic terms in terms of 


T we integrate by parts in the ^ kinetic term to put the derivative onto We 
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then define 


and rewrite ( 2 . 8 ) as: 


/ 0 \ 
0 ) 




( 2 . 12 ) 


(2.13) 


which is the original form in which this Lagrangian was discovered by Dirac. 
As in the two-component version the main object was the soldering form 
in the four-component version the object 7 ^ plays the fundamental role. These 
4x4 matrices are called Dirac gamma-matrices. They satisfy the following basic 
algebra: 


YY + YY = 


(2.14) 


which is the four-component analogue of (1.9). The Feynman rules of the Dirac 
version of the theory are much simpler in that there is only the pairing TT in 
the propagator. 


2.2.2 Hamiltonian formulation and mode decomposition 


The 3-1-1 decomposition of (2.8) is 


£d = Tr‘'d,iA - + V'^SiXa - in^T'A^diXB - + r'ln) 

(2.15) 


where Y := •= the momenta conjugated to Yi The above 

Lagrangian leads us to the following equations of motion for the fields: 


Y - iTX^di^B = mr]A, Xa - iT\^diXB = rmiA (2.16) 


and similar ones for their respective momenta. 
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In the exact same way as before, we can use the fact that both y and ^ satisfy 
the Klein-Gordon equation to expand the spinors in Fourier plane-waves: 


U = l dilt {aAk)e-'“ + b'^{k)e-'“) , Xa = j dilt (c4(*:)e-“" + 

(2.17) 


where d^lk = {2-Kf2uik before and the ladder operators a, b, c, d are not all 
independent. Indeed, using the equations of motion, we have for instance: 

— = 0, ttA — md"^' = 0 (2.18) 

and therefore there are only two sets of independent ladder operators. Expanded 
on the (a, c) basis, the helds become: 



[aA{k)e-^^^ + 


m 


kAA'C^'^'ik) 



XA 


dflk CA{k)e 


—ikx 


+ —kAA'O^ {k)e 
m 


ikx 


(2.19) 


Recall now that we can expand our ladder operators on the (/c, k*) basis: 


aA{k) = k\at + kAa^ , CA{k) = k\ct -h kAC^ (2.20) 


where the tilde is meant to remind us that the modes are not yet canonically 
normalised. Then, using the equations of motion at the Hamiltonian level and 
recalling that our spinors kA and k\ are eigenvectors of the gradient energy, we 
obtain: 


^^(x) = J dnk(^{k*^dt + k^dk)e+^'^^ (2.21) 

—(/c*^(a;fc - \k\)c\~ - k^{uk + |/i;|)4’^)e"*^"') 

m J 

= I dnk(^{k*^ct + k%)e+^’^^ ( 2 . 22 ) 

—{k*^{uk - \k\)dl~ - k^{uk + \k\)dl'^)e~"^^'] 

TTX / 

which is the same mode decomposition as for the Majorana fermion except that 
here we have two sets of ladder operators. It is worth noticing that under the 
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exchange of ladder operators the helds simply are exchanged as well; 

o± ^ X (2.23) 

Now, using the anti-commutational relations between the fields: 

{ka{,x), isiy)} =-ieAB5^{,x-y), {qA{,x), xsiy)} =-ieAB5^{,x - y) (2.24) 

and all others being zero, we can normalise our ladder operators so as to be 
canonical: 

4^} = {27rf2ujk6^{k - p) = {4, cj^} (2.25) 

This yields as before the canonical mode decomposition of the spinors: 

^^(a:) = J dnkVm(^ (44 + ^A^k) + (44“ “ £^4^) (2.26) 

Xa{x) = J dQkVm(^ [e\4 + e^c^) + (e>4 - eja^) (2.27) 

2.2.3 Hamiltonian and CPT 

The total Hamiltonian is given by 

H = J d^x (i4T^^(9i^B + iy^T^diXB + rnx'^iA + rrm^rjA) ■ (2.28) 

Substituting the mode decomposition one gets for the normal ordered Hamilto¬ 
nian: 


H = j dVLkUk [a^al + a\ + c44 + 4 ) , (2-29) 

which conhrms the interpretation of aiicl c^, 4 as the creation-annihilation 

operators of four species of particles of the same energy cok- 
Let us start considering the operation of parity acting on the ladder operators. 
As we recover Majorana theory when the two sets of ladder operators coincide 
we define parity transformations on the Fock space in the following way: 

= ‘fpOPk^ P^4P = VpC-k (2-30) 
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The action on the helds is then: 

-x)P = — f dQkVmfifp (-{uk - \k\)eja^ - {uk + \k\)e\a^) 6+*^"^ 

7TZ J \ 

(2.31) 

+V*p (-(^fc - \k\)€.~Aci'^ + (wfc + \k\)e\cl~) 

and just as in the Majorana case, we require the held to be a representation of 
parity, leading to: 

= 1 (2-32) 

Then: 

P'^^{i,-x)P = (PpV{t,x), P'<x{i,-x)P = (Pp7T{t,x) (2.33) 

Under charge conjugation, the ladder operators transform as: 

C^a^C = cpc4 (2.34) 

with again G M and 99 ^ = 1. Then: 

= ip,x (2.35) 

The Lagrangian is then C invariant. Finally, for sake of completeness, time 
reversal is an anti-linear operator that hips both spin and momentum, thus: 

T^a^T = ipta^k: T^c^T = (ptdk (2.36) 

Then: 

x)T = LptT]{t, x), T'^xi-i, x)T = (ptTT{t, x) (2.37) 

with (f^ = 1. Notice in particular: 

(PT)t^(-f, -x)PT = (pt(Pp^{t, x), {PT)^x{-t, -x)PT = (pt(PpX{t, x) (2.38) 

Thus, we see explicitly that the theory is PT invariant (regardless of C invari¬ 
ance). 
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2.2.4 Second-order Dirac theory 

As for Majorana fermions considered above, at the level of the path integral 
we can integrate out the fermionic helds obtain a chiral Lagrangian 

involving only unprimed spinors. From the held equations for the primed spinors 
we get: 




m 


m 


(2.39) 


Substituting this into the Lagrangian (3.9) we get: 

= -—dA'^XAd^'^iB - mx^U- 
m 


(2.40) 


We now use: 


0^ ^0^ A' B 




AB 


(2.41) 


where is the self-dual two-form dehned in (A.47), to rewrite this La¬ 

grangian as: 


m 


(2.42) 


where we used the antisymmetry of in its space time indices. In the 

following chapter we will explore more explicitly the theory of second-order Dirac 
fermions coupled to a gauge held. Notice that the Lagrangian that will be used 


for a straightforward minimal coupling is (2.40). 
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Chapter 3 


Electrodynamics 


3.1 First-order electrodynamics 


3.1.1 Lagrangian and symmetries 


The Dirac Lagrangian (2.13) is invariant nnder the following global symmetry: 




where global means that the transformation parameter is a constant, not a func¬ 
tion of spacetime coordinates. This is of course just the U(l) symmetry that we 


have discussed above, see (2.7). This symmetry can be promoted into a local 


symmetry if one introduces the so-called gauge potential. Thus, we introduce a 
new held which under local gauge transformations with a gauge parameter 
a{x) transforms as: 


Af_t ^ + (1/e) d^a (3-1) 

Now, with this local gauge transformation the original Lagrangian is not invariant 
anymore. Using Noether’s method or alternatively, using the minimal coupling 
scheme, this non-invariance can be corrected. Let us now introduce the notion of 
covariant derivative of a spinor: 

:= (d^ + ieA^)^ (3.2) 
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It is easy to verify that 




(3.3) 


Thus, the following Lagrangian 

Cb = - mTT (3.4) 

is invariant under local U{1) transformations. When this Lagrangian is supple¬ 
mented with a Lagrangian describing the dynamics of the gauge held (Maxwell 
Theory): 

= F^,-.= d,A,-d,A^ (3.5) 

one obtains the Lagrangian of (quantum) electrodynamics: 

C = Cb + Cm (3.6) 

Note that, by construction, it is gauge invariant. Varying it with respect to the 
gauge held A^ one gets the following held equation: 

(3.7) 

This is just the Maxwell’s (non-trivial) equations d^F^'^ = —j^ with the current 
being equal to Quantum held theory based on the above Lagrangian 

describes the quantum properties of electrons, their anti-particles positrons, as 
well as the mediators of interactions between them, photons. 


3.1.2 Two-component form 


We now promote the global U{1) symmetry of (2.8) into local one at the level 
of the two-component Dirac Lagrangian (2.8). Thus, we introduce as above an 
U{1) gauge held and convert the usual derivative into the covariant ones 


^ = {d - ieA)^, dy ^ Dy = (d + ieA)x (3.8) 

where D = 6^^^' and A^ is the electromagnetic potential. Note that, since the 
helds ^ and y are charged in the opposite way, the expressions for the covariant 
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derivatives on these fields differ by a sign in front of A^. The gauge transformation 
rule for the electromagnetic potential is ^ + (1/e) d^a as before. The 

Lagrangian becomes 


Cji = - iV2x^Dx - mx^ - m^^x^ (3-9) 

This is the way that the two-component Dirac fermions couple to the electromag¬ 
netic potential. 

3.1.3 U(l) charge, spin and Hamiltonian 

Let us describe the main quantities of the theory. The U{1) current is given by: 


= 726 ^^ 0 ^^ - V2ex^0^x 

and hence, the U{1) charge operator is given by: 


(3.10) 


Q = J iPxf = e J (fx (-{*? + X*X) (3.11) 

In terms of the ladder operators, it becomes: 


Q = e d^lj, 


+ al a 




)-( 


ci'^ct + cl c 




(3.12) 


which confirms the fact that we are dealing with two particles with opposite 
electromagnetic charges. One can also compute the spin-current and analyse 
how it acts on one-particle states created by either of the creation operators in 
its rest frame. If creates a spin up, negatively (e < 0) charged particle, then 
Table 3T encodes the different species and their quantum numbers. 

The free Hamiltonian is the same as in the non-interacting theory, we recall: 

Hq = J d?x (iTT^TX^di^B + irj^TX^diXB + mx^^A + (3.13) 

or in terms of the ladder operators: 


i/n = 




,t+^+ 




j+^+ 


J-x,- 


al al + 4 c/ + 


(3.14) 
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Whereas, the interactions Hamiltonian is given by: 

Hint = j d^x (ieAo{r]^XA - - eTX^Ai{r]^XB - 'x^^b)) (3.15) 


Species 

Q 

F 

a^ + 

(-) 

(+) 

a)~ 

(-) 

(-) 

c^ + 

(+) 

(+) 

ct- 

(+) 

(-) 


Table 3.1: Fermions Zoology 


3.2 Second-order Electrodynamics 

3.2.1 Lagrangian 

As we did before, at the level of the path integral we can integrate out the 
fermionic fields and x\ obtain a second-order Lagrangian involving only 
unprimed spinors. From the held equations for the primed spinors we get: 


:fA' _ *^2 ^a'A 




m 


D^^Xa, 


X'"' = 

m 


(3.16) 


Substituting this into the Lagrangian (3.9) we get: 


Cd = - Da' xaD ^b - mx U- 

m 


(3.17) 


We now use: 






AB 


(3.18) 


to rewrite this Lagrangian as: 


Co = --D^x^D.U - mx^U - (3.19) 

m m 
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where we have integrated by parts to get the last term and = 2d[fj,A^]. The last 
term describes interactions with the gauge held and can be seen to be essentially 
the spin to electromagnetic potential coupling term of Pauli’s phenomenological 
description of spin. Note, however, that there are also interaction with the elec¬ 
tromagnetic held vertices hidden in the hrst term. We can further simplify this 
Lagrangian by rescaling the helds. It is clear that in this formalism it is natural 
to introduce fermionic helds of mass dimension one via y —)■ \/mx, ^ t \/m^. In 
terms of the rescaled helds the Lagrangian takes a particularly simple form: 

Cd = -D^x^D^U - m\^U - ( 3 . 20 ) 

However, for later convenience we will mainly work with 

Cd = - m\^U- ( 3 . 21 ) 


3.2.2 Parity at the Hamiltonian level 

It now arises the question on how parity and time reversal could be implemented 
in the Lagrangian formalism as they involve the canonically conjugated momenta. 
To answer this question, two points need to be recalled. First of all, in order to 
go from the hrst-order to the second-order formalism, one replaces the (hrst- 
order) canonically conjugated helds by their equation of motion. Second, as we 
previously saw this can be thought of as a canonical transformation between 
two sets of canonically conjugated variables. For an interacting Dirac held (with 
canonical pairs iXiV)) (■C)'^)); we have the four Dirac equations: 

Xa - iT\^diXA - iy/2eGA^'A a'^xb 
r]A + iT^^diTjB + iy/2eAAB'G^'^r]B 
U - + iV^eGA^'AA'^iB 

tta + iTX^di'KB - iV2eAAB'G^'^7rB 


rmiA 

-mU 

mrjA 

-mxA 


( 3 . 22 ) 


with 


V2Ga^'Aa>^ = Sa^Ao+ T\^ A, 


( 3 . 23 ) 


We dehne therefore in an analogous way to the Majorana fermions the following 
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canonical transformations: 

Xa -t VmxA, Va -t (Na - iT^^diis) , + iV^eGA^'A a'^^b 

y/m ^ ^ 

(3.24) 

iA -t 'A a -t ^ (n^ - iT\^diXB) , = Xa - iV2eGA^'AA'^XB 

(3.25) 


In terms of the new variables, the Hamiltonian reads: 

H = N^Aa + - iV2eGA^'AA'^ (n% - N\b) 

— e\/2 T" Ga'^ Aa''^ {xcdi^B — icdiXs) 


(3.26) 


For example, for the helds N and it leads to the equations of motion: 


Xa = + iV^eGA^^' Aa'^Xb (3.27) 

-li^ = -d^A - iV2eG^^'A aa'Ab 

+ 2ie ({di)A'^'{A a'^Xb) + AAA'{di)'^'^XB) (3.28) 


with = Of^di- Which leads hnally to (using twice the held equation for 

H): 

□xa + 2ie{dA'^' {Aa'^Xb) + Aaa'O^'^xb'^ + 2e^AA^' A a'^Xb = 0 (3.29) 


This are the same held equations that follow from the second-order Lagrangian 


(3.17), showing that the above Hamiltonian properly describes QED. 


Concerning parity, it is however easier to express the Hamiltonian as a function 
of the old conjugate helds (they are not anymore the conjugate momenta of 
the second-order helds). Nonetheless, as we just discussed, in terms of the old 
variables, the Hamiltonian simply resembles the hrst-order Hamiltonian with the 
helds rescaled, we recall: 


H = 


J d^x (iw^TA^di^B + ir]^TA^diXB + ^X^Ca + rrm^TjA 

+ieAQ{r]^XA - tt ^^ a ) - eT\^Ai{r]^XB - t^^^b)) ■ 


(3.30) 


As this is a canonical transformation and the above Hamiltonian is parity in¬ 
variant, we conclude (trivially from the transformation properties of A and the 
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fermions) that the second-order formulation of QED is also parity invarianlQ This 
result about parity generalises straightforwardly to time invariance and charge 
conjugation. 


^Equivalently, one could rewrite the Lagrangian using the unprimed spinors and their *- 
conjugate as was done for the free theory. 


PhD Thesis 


45 


Johnny Espin 






Chapter 4 

The Standard Model 


4.1 Standard Model fields and Lagrangian 


In this chapter we will be working exclusively with two-component fermions. We 


follow 29 , with some differences in conventions. This chapter is based on 30,31 


4.1.1 Standard Model particles 

Fermions 

The SM fermions can be put together in the following table 


Two-component fermions 

57/(3) 

57/(2) 

Y 

Ts 

Q = Ts + T 

Q^= i 

3 

2 

1/6 

1/2 

2/3 

[di ) 

3 


1/6 

-1/2 

-1/3 

Xli 

3 

1 

-2/3 

0 

-2/3 

di 

3 

1 

1/3 

0 

1/3 

u={"'] 

1 

2 

-1/2 

1/2 

0 

\e,} 

1 


-1/2 

-1/2 

-1 

e* 

1 

1 

1 

0 

1 

Vi 

1 

1 

0 

0 

0 


Where 3 and 3 denote SU{3) triplets, 2 denotes an SU{2) doublet and the 1 de¬ 
notes the singlets. All fermionic helds here are unprimed two-component spinors. 
Hence, Ui denotes another set of fermions independent of Ui, whose Hermitian 
conjugate is denoted m|. The hrst half of the table corresponds to the quarks. 


47 









Chapter 4. The Standard Model 


whereas the second corresponds to the leptons. The last line is included here so 
as to complete the neutrino minimal standard model (z/MSM, [^) that allows 
the presence of Majorana mass terms for the latter and enables different mech¬ 
anisms that explain the neutrinos mass hierarchy and the baryon asymmetry of 
the Universe. Notice that as their name indicates, the SU{3) triplet helds are 
a set of three two-component spinor helds that transform into each other under 
SU{3) rotations. For example, if we were to be explicit with the index struc¬ 
ture of Ui, we should write where A = 1,2 is the usual spinor index, and 
a = 1, 2, 3 is the index on which SU (3) acts. We only keep the index i = 1, 2, 3 
that denotes the spinor generation (havour) as it is the only one that will play 
an important role in the construction to be carried out below. In total there are 
16 two-component spinors for each generation of the Standard Model, plus their 
Hermitian conjugates. 


Higgs field 

The Higgs held is the last ingredient necessary to the construction of a sensible 
theory that accommodates all the representations that we have mentioned above 
in a gauge-invariant fashion. It is a complex scalar held of U{1) hypercharge 
Y = 1/2. It is also a weak SU{2) doublet, he. : 


Higgs 


SU{3) SUi2) 


Y 


T, 


Q = T, + Y 



1 

2 

1/2 

1/2 

1 




1/2 

- 1/2 

0 


Being a doublet, it is actually a collection of two complex scalar helds that are 
denoted by (j)'^ and 0°. We shall denote the weak SU (2) index by a, 6,... = 1,2. 
Therefore, the Higgs held can be written as </>„, with (pi = and 02 = 0°. 
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4.1.2 Fermionic sector of the Standard Model 


Using an index-free notation, the Lagrangian for the fermionic sector of the Stan¬ 
dard Model is given by: 

^ferm = — iV^Q^^'DQi — iy/2u^^ Dui — i\/2d^^Ddi 

- iV2L^^DLi - iV2e^^Dei - iV2u^^Dui 

+ Y^^4>'^eQiUj - - Y:^(j)^Liej ( 4 . 1 ) 

- {Y^rulQ]e</)* - {Yjrd\Q]4> - {Y^ri^}L]e^* - [Y^f^L]^ 


Here as before where is a covariant derivative that acts 

on the fermions according to their SM representation. The quantities Y^^ are 
arbitrary complex 3x3 Yukawa matrices. 

The above Lagrangian, is the most general that can be written using hrst-order 
kinetic terms, overall gauge-invariant and that contains operators of dimension 
up to four. This allows for the additional Majorana mass terms as mentioned 
earlier. To get the usual SM, any terms containing u or its Hermitian conjugate 


in (4.1) should be removed. As far as gauge-invariance is concerned, it is easier to 


understand the construction of the mass terms when the SU{2) index structure 
is made explicit, all other implicit indices have straightforward contractions. As 
we have already mentioned, the Higgs field is a doublet 0^ with a single SU (2) 
index in the lower position with a = 1, 2. Its transpose is then an object (</>^)“. 
The complex conjugate field (0*)a still carries a lower position index (for SU{2), 
we have the well known 2 ~ 2), while the Hermitian conjugate is (0^)“. Similarly, 
the quark doublet Qa has a lower position index. Its Hermitian conjugate is an 
object (Q^)“. The quantity e = ej’ is the matrix 




0 1 

-1 0 


(4.2) 


Then the object (f^eQ = {(p^YeJ’Qa is invariant under the action of SL{2,C) via 
Q 9Q1 0 5^0 since g"^eg = e and therefore e can be taken as a metric over the 

fundamental representations of S'L(2,C). In particular, (f^eQ is SU{2) invariant 
as it is a well defined scalar product. This property also applies to the Hermitian 


conjugate objects. It is then clear that all the mass terms in (4.1) are SU{2) 
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invariant. The U{1) and SU{3) invariance is straightforwardly checked using the 
tables above. 


4.2 Second-order formulation of the Standard 
Model 

As it was done antecedently for the Majorana and Dirac Lagrangians, we now 
proceed with the construction of the second-order Lagrangian for the SM. 

4.2.1 Quark sector 

We start with the quark sector as there is no Majorana mass term in this case. 
The equations of motion for the unprimed spinors are: 


Q\ : = 



u\ : iy/2Du^ = 

-(yiY’Q'Pty) 

(4.3) 

d\ : i\/2D(f = 




Notice that some symmetry structure is appearing in the equations of motion. 
Indeed, let us combine the components of the Higgs held and of its Hermitian 
conjugate into the following 2x2 matrix: 




(0T 

- 0 - 00 ) 


Under the weak SU{2) the matrix transforms as: 


H- 


(4.4) 


(4.5) 


while the held p remains invariant. It is clear that = |0p is just the modulus 
squared of the Higgs held. Furthermore: 


= 1 


(4.6) 
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so that $ G SU (2). This will become important in what follows. However, before 
using this fact, let us make the above equations look more transparent. We dehne 
new quark singlets as linear combinations of the old ones: 

ff ^ ^ (Yjyidj (4.7) 

This constant reparametrisation of the helds makes the Yukawa matrices dis¬ 
appear from the last two equations of motion. Having done this, to further 
symmetrise the system, we combine the new quark singlets into a row 

Qi ■■= (ui , (4.8) 


In terms of the new quark singlets the equations of motion become: 


Q\ : iV2DQ, = -p <ht (gtA) , 
Q\ : iV^DQ, = -p gl4>t 


(4.9) 


which is already much simpler than the previous system of equations. Here we 
introduced new hermitian Yukawa matrices 

A? := (4.10) 

as well as a new column 

(Q'A)- .(g) (4.11) 


While introducing the new pair of quarks Qi has made the equations look more 
symmetric, there is no complete symmetry. Indeed, the doublet Qi transforms 
under the weak SU{2) as before, and so does the Higgs matrix as we have 
seen, while Qi does not transform, it is simply a rearrangement of the helds 
into a convenient structure. However, this suggests that we dehne a new set of 
S'17(2)-invariant quark variables ^Qi 


^Q^ 


Q'. 


(4.12) 
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Notice that, as we mentioned earlier, <l> G SU{2) and therefore this is a Higgs- 
held dependent SU{2) gauge rotation of the original quark doublet. As such, 
after transforming the SU (2) gauge helds accordingly, this transformation can be 
pulled through the covariant derivative as it is usually done. As we will work out 
in details below, the new gauge held will be an S'17(2)-invariant object, the trans¬ 
formation that we have carried out ehectively corresponds to hxing the gauge. 
It is similar to the well-known unitary gauge representation of a spontaneously 
broken gauge theory, therefore, the symmetry principle that allowed for the con¬ 
struction of SU{2) invariant terms in the Lagrangian is still present, it is just 
rendered implicit. The new set of variables shall be called “frozen”. Notice that 
the construction that we are implementing does not rely on this choice of gauge, 
the latter is merely a convenient choice. Now, keeping in mind this change in the 
covariant derivative operator we can write the held equations as: 


Ql : tV2DQ, = -p 
QI : i\/2DQi = -p Q\ 


(4.13) 


We have dropped the superscript inv from the Qi as we will be dealing exclusively 
with these from here on. Notice that the equations become much simpler than in 
terms of the original variables. Let us now substitute the primed spinors obtained 


from the above held equations into the Lagrangian (4.1) and obtain the following 
second-order Lagrangian: 


^quarks DQ DQi 

P 


P 


P-Q)' Qi 


(4.14) 


where we have introduced a new row 


(A<3)‘ := 


(4.15) 


which is the Hermitian conjugate of (4.11 


that in order to obtain (4.14) it is enoug 


(^AQ^ = Q^A. It is not difficult to see 
1 to note that half of the kinetic terms 


cancels the mass terms for the primed spinors, while the other half survives. This 
is the same phenomenon as before, in the simpler cases of Majorana and Dirac 


Lagrangians. Then the kinetic term in (4.14) is obtained from the hrst-order 
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kinetic term Q^^DQi by substituting the expression for Qh The mass term in 


(4.14) is easily obtained by combining the mass terms for the unprimed spinors 


in (4.1), and taking into account the dehnitions (4.7), (4.12) of the new fermionic 


variables. The covariant derivative acting on Qi in (4.14) takes into account the 


held redehnition (4.12). 


The Lagrangian (4.14) is much more compact than (4.1) from which it was ob¬ 


tained. However, it is evidently non-polynomial in the Higgs scalar held p, because 


of the presence of 1/p in the kinetic term. In the case of Dirac theory (3.21), we 
simply needed a constant rescaling of the helds to bring the kinetic term into 
its canonical form. After doing this, the spinor helds ehectively became helds of 
mass dimension one. The same, or rather an equivalent, procedure can be applied 


to (4.14). However, p is now a dynamical held and absorbing it into the fermion 


helds thus changes the derivative operators acting on both Qi^Qi. Indeed, when 
going through the derivative operator, we need to include an appropriate trans¬ 
formation of the latter. Otherwise stated [p"‘,d] ~ {dp)p^~^. Denoting the new 
Higgs-containing derivative operators by the curly T> we hnally write: 


C 


quarks 


= -2VQ^VQi - p' 




(4.16) 


where l/^/p was absorbed into each spinor held. The new covariant derivative V 
contains non-polynomial Higgs-quarks interactions as well as the physical SU (2)- 
frozen gauge helds when acting on the unbarred doublet. In order to obtain the 


physical states of the theory, one should expand (4.16) around the Higgs vacuum 


expectation value (vev) p —>■ n -t- h{x), then one gets the free massive quarks 
with masses being multiples of the eigenvalues of the hermitian Yukawa matrices 
A*-^, together with quark interactions with the gauge helds as well as with the 
Higgs. We will give an example of the simplest interactions below. It is clear 
that interaction vertices with the Higgs can be of arbitrarily high valency (due 
to non-polynomiality in p). 


The held equations (4.13) for the new fermionic helds of mass dimension one read 


iV2VQt = -p (Q'a) ,, iV2VQi = -p Q* 


(4.17) 


As in the previous chapters, these are now to be interpreted as the reality condi¬ 
tions, whose linearised versions are to be imposed on the external lines. 
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4.2.2 Leptonic sector without the Majorana mass terms 

We first consider the case where all the Majorana mass terms are absent. The 
construction then follows exactly the one presented in the previous subsection. 
Hence, introducing the new barred lepton helds 

i>' ^ ^ (FpWe, (4.18) 

we gather the new helds together in a row 

Li := (hi , hi) (4.19) 


and further dehne another row 

(al)‘:= (4.20) 

where A; = YiYi are the Hermitian Yukawa matrices. We also dehne the physical 
S't/(2)-invariant unbarred leptonic doublet = $Li. Rewriting everything in 
terms of these quantities we get the following Lagrangian 

Cieptons = -iV2L^^DLi - 1 V 2 (dv) (ZtA)^ - p [kiy Li - pL^^ [Vh) , (4.21) 

The resulting equations for the primed spinors are 


L\ : i^DLi = -p 
uj : i\/2DLi = —p L\ 


(4.22) 


And hnally, substituting the resulting primed spinors into the Lagrangian we get 

(4.23) 


2 — • / A “ \ * 

^leptons DL DLi p 


One can now rescale the lepton helds as we did with the quarks to give them 
mass dimension one and convert the kinetic terms into a canonical form. One 


obtains a Lagrangian as in (4.16): 


C 


leptons 


= -2VVVLi - p^ (AL) L 


(4.24) 
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The sum of (4.24) and (4.16) is the Lagrangian that would describe the second- 
order SM without the inclusion of Majorana mass terms. 


4.2.3 Majorana mass terms included 

We now reinstate the Majorana mass terms. This leads to a more complicated 
analysis and not so simple hnal result, however, the construction is identical. 
Performing the same redehnitions of the fermionic variables as was done above, 
we can write the original Lagrangian in terms of the new spinor helds: 

= - iV2L'‘DLi - iV2 (DV) (LtA), - p (hi)' L, - pL^‘ (Vh), 

(4.25) 

The structure of the last two terms suggests the following redefinition of the 
barred neutrino Yukawa-mass matrix 


(4.26) 

The new mass matrix is still symmetric. The first-order Lagrangian then becomes 

Cieptons = - iV2L^^DLi - ih/2 [dv) - p (aZ)*L, - ^ 

(4.27) 

The resulting equations of motion for the primed spinors are as follows 


4: 

ih/2DLi = 

-P (Da)^ 


y': 

iV2Di?^ = 

-p z/h _ pti(Ml),fc(A-i)"* 

(4.28) 

pt - 

ih/2Dei = 

-p 4 



We can now solve for the barred primed spinors using the hrst equation. The 
solution for z/f is then substituted into the second equation. The last pair is 
then solved for the fermions. It is not as easy as before to obtain the new 
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Lagrangian after the solutions are substituted, however simplihcations happen. 
For example, it is easy to note that the hrst and the last terms in the hrst line 


of (4.27) cancel each other in view of the hrst equation in (4.28). Indeed, we can 
combine these two terms as 


Cieptons ^ lI (-iV2DLi - p J 


(4.29) 


It is clear that this combination gives zero on the hrst equation in (4.28). To 


eliminate the remaining primed spinors we again need just the hrst held equation 
that gives us U. Overall, this gives: 




^leptons DL DLi p 

P 

- hpVtVj + -^{hpMlhpYHDUnDLjr 

I p 


(4.30) 


where {DLiY stands for the hrst i/-component of the doublet DLi. This La¬ 
grangian is more complicated than the previous second-order Lagrangian due to 
the presence of the Majorana mass. There are two ways of understanding what 


is going on here. First of all, notice that the last term in (4.30) is simply equal to 


the Majorana mass term on the surface of the reality conditions (4.28). Moreover, 


looking at the second held equation in (4.28) and substituting the latter reality 
condition (the solution for z/| from the hrst equation) one gets: 

iV2 (^DY - = -pY^ (4.31) 


If one expands all terms in this equation around the Higgs vev (p) = v, the terms 
linear in the helds are 

iV2d(p^ - i(A;^MiA;^)*Vj^ = (4.32) 

This equation suggests that we should introduce a new barred neutrino held 

(4.33) 

as it is this held that satishes reality conditions similar to those for all other two- 
component fermions present, otherwise stated, this held redehnition diagonalises 
the system of reality conditions that allow for a particle interpretation. However, 
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rewriting the Lagrangian (4.30), as well as the interaction vertices in terms of 
and then proceed with the usual perturbation theory calculations becomes 
rather cumbersome. It is clear that the result is complicated, as it relies on the 


held redehnition (4.33) that in turn relies on the Higgs held assuming its vev. 
Therefore, the second-order Lagrangian with the Majorana mass terms added is 
not much simpler than its hrst-order counterpart. 


If we take the approach that the second-order formalism is more fundamental 
and we do not wish to accommodate the complicated structure of the Majorana 
mass terms, we have a very simple SM fermionic Lagrangian: 


CsMj = -2VQ^VQi - 2VVVLi - (a,q)* Q, - (AzZ)* (4.34) 


This Lagrangian explains neutrino oscillations by giving the neutrinos masses, but 
as previously stated, does not by itself explain the observed mass hierarchy or the 
baryon asymmetry of the Universe which relies on the lepton number violation 
introduced by the Majorana mass terms. 

The inclusion of Majorana masses or modihcations of the SM can however be 
studied in the second-order framework. For example, a toy model that could 
be used would a model of a Dirac fermion with both Dirac and Majorana mass 
terms. This area of investigation has not been covered in this thesis, but could 
represent a future line of study. 


4.3 Bosonic sector revisited 


In this section we rewrite the bosonic sector of the Standard Model in terms 
of the same frozen gauge-helds that were used in the covariant derivatives of 
our fermionic Lagrangian. In doing so, we will have explicit expressions for the 
interactions between the bosons and the fermions. This approach allows for a 
more insightful perspective on the Higgs mechanism for spontaneously broken 


gauge-theories 33 36 . However the presence of a vacuum breaking the larger 


symmetry group into its little group is not necessary. The material covered in this 


sections appears in 35 with minor differences in conventions, it is nonetheless 


interesting to spell it out for sake of completeness and in order to derive the 
interaction vertices for the physical states of the theory. 
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4.3.1 Higgs sector 

We denote the gauge fields associated to the Standard Model group SU{2) x 
by and respectively and their coupling constants by g 2 , gi- 

First recall the construction of an SU{2) matrix element out of the SM Higgs 
doublet. The Higgs field is an SU{2) doublet with a H-charge of 1/2, therefore 
its covariant derivative is given by 

= df,(p + ig2B^4> + ^1/0 (4.35) 

where = T‘^B‘j^ and T“ = (l/2)(j“, with the usual Pauli matrices. The 

transformation rules for the gauge-connections are of the standard form, so that 
the SU{2) connection transforms as 

B^ ^ n^B^n + {l/zg2)n\d^n) (4.36) 

and trivially the U{1) connection as 

+ {l/gi)d,^ (4.37) 


We now parametrize this doublet as 

0 = PX, p e M+, X e with IxP = 1. 
Using the SL{2, C) metric e, we can construct 

$ = j e SU{2) 


(4.38) 


(4.39) 


The transformation properties of the Higgs doublet under the SM group are then 
translated into the following transformations of the new object 


U{1) : $ ^ 

su{2) : ^ ^ 


(4.40) 

(4.41) 


We can then define a covariant derivative operator such that 71^$ transforms 


^The SU{3) part is omitted as it does not affect the construction that follows. 
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covariantly. This derivative operator is given by: 


:= + igiY^T^^ = 


{^D^xY 

{D,x)^ 


(4.42) 


where to obtain the last expression we have used ei?^ = which can be 

checked to hold for all 3 generators T“. 


We can now use the object <h, as well as its covariant derivative (4.42) to rewrite 
the Higgs kinetic term \D^(l)\^ as 


\D,ct>\^ = {d.pf + Y\D,x? = {d.pf + ^Tr|D,$r 


(4.43) 


where we have defined as before 


= P 


(4.44) 


Now let us recall the construction of S'f/(2)-invariant doublets. In (4.12) we have 
dehned so that Qi = We then rewrote the Lagrangian in terms of 

QY"'" and the gauge-transformed 517(2) connection 


W. := - —(d„4))4)t 

ig2 


(4.45) 


This connection is 517(2)-invariant. It however transforms under the 17(1) trans¬ 
formations 


^ - - (d^O 7^3 (4.46) 

92 

Notice importantly that in the 517(2)-invariant connection a part of the quan¬ 
tity appears. Indeed, we have 


= g2W^-giY^T^ 


(4.47) 


Therefore we have 

Tr|D^4)|2 = i (^gj + {g^Wj^ - g^Y,)'^ (4.48) 

where we decomposed IT^ = 1T“T“. These are the “will be” mass term^ for 
^They become the mass terms for the gauge-fields only if the scalar field p takes a non-zero 
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the W, Z bosons obtained from the kinetic term for the Higgs. Usnally this is 
a consequence of choosing a vev for the Higgs held and therefore breaking the 
symmetry. Here, even though the cause is identical (perturbing the scalar held 
around its vev), we instead dehned an SU{2) invariant connection W^, which 
appears in the covariant derivative acting on the SU (2) invariant doublets. 

We can now dehne the usual linear combinations 

M't 4 {K T (4-49) 

^2 + gl 

where the normalisation is a convention chosen for later convenience. By con¬ 
struction these helds are invariant under the weak SU{2) and transform under 
U{1) as 


^ ^ (4.50) 

These three gauge-helds are identihed as the physical SU{2) bosons which one 
can measure in an experiment. We can further dehne as usual the Weinberg angle 
9w so that 


Z^ := cos{ew)W^^ - sm{9w)Y^ (4.51) 

From this equation one can deduce (we will further motivate this choice later on) 
that the second linear combination, the photon gauge held, will be given by: 

:= An{9w)Wl + cos{9w)Y^ (4.52) 

Notice that the held redehnition from W'^^Y^ to Z^^,A^ is an 40(2) ~ 0(1) 
transformation. All in all, the Higgs sector Lagrangian can be rewritten in terms 
of physical quantities as follows: 


^Higgs — 

= - (dgP? 


V 
(92pf 




(4.53) 


With this Lagrangian in hands, all that is needed to extract the mass terms is to 


value in the vacuum. 
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set the Higgs field on its vev. Interactions can be obtained at cubic and quartic 
order, expanding everything with p{x) = v + h{x). All that was done here is a 
reformulation of the Higgs sector in terms of the physical SU (2)-invariant degrees 
of freedom of the theory. More details on this reparametrisation of the Higgs field 


can be found in 35 


4.3.2 Yang-Mills sector 


We now perform the same change of variables in the Yang-Mills sector. The 
physical gauge-fields have already been defined, thus we only need to reconstruct 
their curvatures. Let us start with the following Lagrangian: 


CvM = -^Tr 

o 4 


(4.54) 


where the curvature tensors are defined according to (4.80). Since the field redef¬ 


inition (4.45) is a gauge transformation, we can immediately write 


Cym = -^Tr {W^,Wn - ^ 


(4.55) 


It is now convenient to define the following curvature combinations: 

^ T iWl) = (4.56) 

where the covariant derivatives are 




(4.57) 


We then have : 


Tr + 4W+(4.58) 


Recall now that the W^, Y connections can be expressed in terms of the physical 
Z, A connections as 


/ \ / cos(6'w) sin(6*i^) \ / Z \ 

\ H y -sin(6'w) cos(6'vk) / V -4 J 
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Hence, 


= {d^ ± leA^ ± tg2 cos{ew)Z^) (4.60) 

where the electric charge e is given by 

e := §2 sin(6'H/) = cos{0w) (4.61) 

Finally, another expression that we need is 

= cos{ew)z,, + sin{ew)F^u +192 - w;w^) (4.62) 

where and Z^^, are the cnrvatnre tensors of the photon and Z boson. This 
gives the following hnal expression for the Yang-Mills sector Lagrangian: 

Cym = - 

2 

- le {F^, + cot{ew)Z^,) iy+w 

4.4 Interactions 

We have seen how to constrnct the Higgs and Yang-Mills sector Lagrangians in 
terms of the S'17(2)-frozen variables. The physical components of the 

connection IF^ are massive helds, with their mass determined by the vev of the 
scalar held p. We now explicitly show how the physical SU{2) and U{1) gange 
helds interact with the physical fermions. The interaction vertices are obviously 
diherent in the second-order formulation. We will only look at the quark’s vertices 
as the lepton’s are similar. 


4.4.1 Weak interactions 


We hrst consider Higgsless interactions arising when the scalar held sits on its 


vev p{x) = u. Recall that the Lagrangian is given by (4.16), the fermionic helds 


have canonical mass dimension one, and the covariant derivative contains some 
of the Higgs held interaction vertices. However, since we assume here that the 
scalar held sits on its vev, the covariant derivative T> contains just the weak and 
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electromagnetic connections. We have: 


+ ig2W^ + = {d^ + QY^) Q, (4.64) 


where Q is the matrix of electric charges, which is in this case 


QQ^ = 


-2/3 0 W h, 

0 1/3/1 d. 


(4.65) 


The gauge helds that appear in the covariant derivative are the frozen helds, 
however, they have not yet been decomposed on the physical basis. Moreover, 
the kinetic term contains the term where the covariant derivatives 

acting on Qi and Qi contain a different set of gauge helds. Nevertheless, as it 
is usually the case in the literature, we use the same symbol to denote the 
covariant derivative acting on different representations. Indeed, it is assumed 
that the fermionic representation on which it acts is known and therefore, the 
choice of derivative operator is imposed. Furthermore, integration by parts also 
works as usual, since the application of to e.g. Qi maps this held into a 
diherent representation, namely the complex conjugate representation to the one 


describing Qi, as is clear from the reality conditions (4.17). 


In terms of the physical held the covariant derivatives are rewritten as: 


ig2W, + 


m 


0 if; 


V2 \ IF- 0 


+ ieQAn + 


^e 


SwCw 


-Z„ ( 


(4.66) 


where, as before, e := gi cos(6*pv') and sw = sin(6'vi/), cw = cos{9w)- Whereas for 
the barred quarks we have: 

igiQY^ = ieQA^ - leQtwZ^ (4.67) 


where ty/ = tan(6'w)- Notice that the matrix of electric charges acting on the 
unbarred quarks is the opposite to that of the barred ones. Hence, the quark helds 
interact with the electromagnetic held in the usual way. Let us now consider the 
interactions with the PF-bosons. Recall, that due to the fact that these weak 
interactions are oh-diagonal, expressing the quarks’ free Lagrangian in terms of 
mass eigenstates brings up quark-mixing interactions. The relevant part of the 
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Lagrangian (4.16) becomes 


+ {K^r{d^A'd.A)W-^'^UjB) , (4.68) 

where we reinstated the spinor indices for clarity. The nnitary matrix is the 
Cabibbo-Kobayashi-Maskawa (CKM) matrix that prodnces the aforementioned 


mixing. Terms in (4.68) not only give the interactions responsible for the mixing 


between the generations, thus making the heavier generations unstable, but are 
also responsible for the /3-decay. As was the case in Electrodynamics, in the 
SM second-order formalism there is a derivative present in the cubic vertex. Of 
course, this can be seen to be the standard vertex with no derivative present if 


one uses the “reality condition” (4.17) to express the derivative of the barred 


spinors in terms of the Hermitian conjugates of the unbarred. However, there is 
no need to introduce the primed spinors, and one can work with the Feynman 


rules that follow directly from (4.68). We will explore this further in the simpler 
case of Electrodynamics. 

The second-order formalism also introduces new quartic vertices that are quadratic 
in the gauge held in a similar way to scalar Electrodynamics. Indeed, we see that 
such vertices are present for both A and Z helds, but not for as they only ap¬ 
pear in the unbarred quarks’ covariant derivative. However, because the second- 
order Lagrangian was obtained after integrating out the primed two-component 
spinors, it is clear that the correlation functions of the unprimed helds are cor¬ 
rectly reproduced. We will see how this fact can be proven perturbatively in the 
case of Electrodynamics. 


4.4.2 Interactions with the Higgs 

Although the construction of the interactions with the gauge helds is non-standard, 
something more interesting happens to the interactions of the fermions with the 
Higgs held. Indeed, due to the non-polynomiality of the Lagrangian, there exists 
vertices of arbitrarily high valency. In order to see this, consider huctuations 
around the vev p = u + h{x), where h{x) stands for the physical Higgs held. The 
latter interacts polynomially with the gauge bosons and this can be read oh from 


(4.53). The self-interactions of the Higgs are also as usual. As for the fermions. 


let us again consider only the quark sector; for leptons everything is analogous. 


We recall that in the form of the Lagrangian (4.16) the covariant derivative was 
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defined so that: 


Therefore: 


— D ^ V —. 

y/P 

V = D + -d\n p. 


(4.69) 


(4.70) 


This logarithmic non-polynomiality suggests that we should parametrise the Higgs 
field in a different way: 


p = (4.71) 

This shifts the non-polynomiality from the covariant derivative to the mass terms, 
schematically 


p\AQ)Q ^ (4.72) 

where m is the quark mass. At the same time, the covariant derivative is now 
simple: 

VQ=(^D + g. (4.73) 


The exponential non-polynomiality also enters into the Higgs with gauge fields 
interaction vertices, as well as in the kinetic term for the Higgs that now becomes: 

(4.74) 


For practical purposes, one is only interested in terms involving a few external 
Higgs lines, and therefore, the exponentials can be expanded and the theory 
truncated. Hence, for calculations of this type it should not really matter which 
parameterisation of the field is used. However, one expects the theory to be 
renormalisable (as a resummation of all the vertices into the exponential) only 
when all valencies are considered. Renormalisability of these modified theories 
has not been explored here and is left as a future investigation possibility. 
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4.5 Curvature and covariant derivative conven¬ 
tions 

In this chapter we deal exclusively with unitary groups so that the inverse of a 
group object is its Hermitian conjugate. Let := be a connection gauge 

held. (s = 1,..., dini(G)) are the generators of the Lie group, which we take 
to be Hermitian, that satisfy: 

[T*,T"] (4.75) 

A vector 0 in the fundamental representation transforms as: 

0 H-)■ 0^ = r20, H = exp {iq ^^G M (4.76) 

and q stands for the charge of the held while .^^(a;) are coordinates that parametrise 
the transformation. The covariant derivative is constructed as follows 

D^(j) ■= + igqA^) 0. (4.77) 

If we require that this transforms covariantly under the gauge transformations 

H- HL)^0 (4.78) 

we deduce the transformation rule for the connection: 

A. ^ A^ = fit 4 H + —fit ^ (4.79) 

where g denotes the coupling constant of the group. The held strength tensor or 
Yang-Mills curvature tensor is dehned as: 

d^A^-duA^ + igq[A^,Ay] (4.80) 

It transforms in the adjoint representation of the Lie group: 

^ F^^ = n^F^,n. (4.81) 
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Chapter 5 

Path-Integral Quantisation 


In this chapter we will derive the Feynman rules for second-order Majorana 
fermions minimally coupled to a vector field. In the massless limit, this gives 
the quantum theory of a Weyl fermion coupled to Electrodynamics when one 
treats the held as being charged. This particular example will be further dis¬ 
cussed in the context of anomalies in Chapter The derivation then generalises 
straightforwardly to the case of Dirac Electrodynamics, for which we will simply 
state the rules. In Chapters we will be dealing exclusively with the latter. 


5.1 LSZ reduction formula 


The LSZ reduction formula is a mean to construct the appropriate initial and 
hnal states for scattering amplitudes starting from the correlation functions that 
can be calculated in quantum held theory. We will mainly follow the construction 


that can be found in 37 . Let us start recalling the mode decomposition of the 


Majorana held as described in the second-order formalism (1.66): 


= I + e^a,^ ) + (e>^ - e^4+) e (5.1) 

dtU{x) = J dViki-iuk) {e\at + e^a^) - (e\al~ - e^al+) (5.2) 

We now introduce a more compact notation as follows: 

^^(a:) = J dflk (ukA{s)ak{s)e^"^^ + VkA{s)al{s)e~'’’^'^'^ (5.3) 

dtU{x) = J dVLki-iUk) {ukA{s)ak{s)e'^"’^^ - Vk A{s)a\{s)e~"’^^'^ (5.4) 
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with UkA^s) = {e\{k), e'2{k)), VkA^s) = (—e^(fc), e^(fc)) and summation over 
the index s = 1,2 is implicit. Let us look at the different states that can be 
constructed with this set of ladder operators. Consider a one particle state in the 
free theory: 


p,s> = ot(s)|0) 


(5.5) 


Also: 


{p,s\ = 


(5.6) 


and these are normalised so that: 


(p,r|k, s) = 2up{2Ti)^6^^\p — k)5r 


(5.7) 


Now, in order to relate physical scattering experiments to mathematical correla¬ 
tion functions calculated using the field theory, we need to express the creation 
operator as a function of the field. As a first step, the spatial Fourier transforms 


of ( |5.3[ ) are: 

J d^x e^P^^Aix) = ^(^u_pA{s)a_p{s)e~‘^^‘^p^ + VpA{s)al{s)^ (5.8) 


—z 


d'^x =—[u-pA{s)a-p{s)e -VpA{s)al{s)] (5.9) 


so that: 


d^x = iVpA{s)al{s) 


(5.10) 


with e^P^dt^A{x) = — idte‘^^^)^A- Finally, using Up{r)vpA{s) = —5. ^ 

obtain: 


we 


i J d^x (up{s)^A{x)) = aj(s) (5.11) 

Similarly, the annihilation operator can be constructed as (we do not want to 
take the Hermitian conjugate of the above expression to avoid introducing primed 


^Recall = 1. 
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spinors): 

i J £x e~^P^dt (yp{s)^A{x)) = ap{s) (5.12) 

Notice the similarity of the construction to the scalar held case rather than to 
the hrst-order fermionic held case. Also note that the sign depends on the con¬ 
vention one chooses for the incoming and outgoing polarisations (whether, say, 
the incoming particle has polarisation ua or u^), therefore the overall sign that 
we will obtain in the LSZ formula will depend on this choice. 

For practical purposes, the ladder operators are not considered on their own (as 
they give an inhnite spread to the particles they create), but rather smeared out 
by some wavepacket that localises the particle both in momentum and position 
space, e.g. (dropping the spin index): 

a\ := J d^kMk)al h{k) oc (5.13) 

where here fi{k) is a Gaussian wavepacket localised around the origin in posi¬ 
tion space and around ki with width a in momentum space. In the free theory, 
the states created by this smeared operator will time evolve in the Schrddinger 
picture; the wavepacket will propagate away from the origin and spread out. Sim¬ 
ilarly, if we consider a two-particle state, as f —>• ±cx), the particles will effectively 
become widely separated. Let us now consider the case of an interacting theory, 
and more specihcally a 2-2 scattering (it generalises straightforwardly). In this 
case, both the operators and the states evolve with time. We can however assume 
that we can construct a well defined multi-particle state in the far past (or far 
future) following the principles we just discussed. Therefore, we assume that our 
initial state is of the form: 


i) = lim a|(f)a 2 (t)| 0 ), ki ^ ^2 

t^ — OO 


(5.14) 


with {i\i) 
given by: 


1 and {i\ is defined using (5.12). 


Similarly our final state will be 


I/) = lim 4(f)4(t)|0), ks ^ ki (5.15) 

t —>■+00 

with (/I/) = 1 and (/| is defined in a similar way to {i\. The physical scattering 
experiment will measure the amplitude {f\i), and it is this quantity that needs to 
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be related to the fields present in the theory. In order to obtain the LSZ formula 
the following trick is used: 


al{+oo) — al{—oo) = dt dta\{t) 

J — OO 

= i J d^kfi{k) J d^x dt {uk^{x))^ 

= i J d^kfi{k) J d^x + ul) {uk^{x))^ 

= i J d^kfi{k) j d^x {—'Oi + m^) {uki{x))^ 


(5.16) 


where in the last line we used the on-shell condition = \k\^+m? and integration 
by parts after converting k into a derivative operator acting on the Fourier mode. 
Notice that for a free second-order spinor field, we have (—□ + m^)^{x) = 0 
(as this is the free theory equation of motion). However, when interactions are 
included, this is no longer true. Similarly for the annihilation operators, we have: 


ai{+oo) - ai{-oo) = i J d^kfi{k) j d!^x (e + m^) {vki{x))^ (5.17) 


In the following, we will use: 

a|(—oo) = aj(-l-cxo)-|-i f d^kfi{k) f d^x (e*^*(—□m^) (^^.^(a;))) 

\ r ( 5 - 18 ) 

aj(-Foo) = aj(-oo) -h i / d^kfi{k) / d'^x m^) (nfc^(a;))^ 


So that if we look at the scattering amplitude in which we are interested, we have 
(dropping the wavepacket factors): 


{f\i) = (0|a3(-Foo)a4(+co)al(-cx))a2(-co)|0) 

= (0|Ta3(-|-cxo)a4(-|-cxD)a|(—cx))a2(—cxo)| 0 ) 
= d^xi ■ ■ ■ 


(5.19) 


J d'^xs e + m"^) ■ ■ ■ {0 \T^a{xi)^b{x2)^c{x3)^d{x4)\0) 


where in the second line we used the fact the the operators are time-ordered in the 


first line, and in the third line we replaced the ladder operators using (5.18) and 
that the annihilation operators acting on the vacuum give zero. This generalises 
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easily to rij incoming and Uf ontgoing particles: 




/ “'i J 

n d-'xt + m") n (-D + 

i=l j=l 

X {0\T^aAxi) ■ ■ ■ (l/l) ■ ■ ■ (2/n J |0) 


m 


(5.20) 


This eqnation is known as the Lehmann-Symanzik-Zimmerman (LSZ) rednction 
formnla. It links the correlation fnnctions on the RHS that are compnted by 
means of Feynman diagrams to the physical scattering amplitndes on the LHS. 
Note that, as usnal, the LSZ rednction formnla holds provided the vacnnm ex¬ 
pectation valne of the field as well as the matrix element for the creation of a 
one-particle state from the vacnnm satisfy some constraints: 


(0|eA(a:)|0) = 0 (5.21) 

(p,s|^n(a:)|0) = npA(s)e“*^’* (5.22) 

(0|^a(x)|p,s) = MpA(s)e*^^ (5.23) 

This implies that the Lagrangian onght to be modified to satisfy the qnantnm 
theory constraints: this modification is nsnally encoded in the Zi factors that 
renormalise the field, the mass, and other conplings present in the theory. 


5.2 The path-integral for second-order fermions 


We now develop the tools necessary to compnte the correlation fnnctions that 


appear on the RHS of the LSZ rednction formnla (5.20). The main qnantity that 
is nsed is the path-integral (partition fnnction, or generating fnnctional), which 
for the free-held theory is given by: 

Zo[J] := (0|0)j = y'T’e Zo[0] = 1 (5.24) 


where 

Co = -l^^{-D + m^)U (5.25) 

is the free Lagrangian, is a grassmann-valned sonrce for the spinor held 
and VS, is an appropriate fnnctional measnre. The path-integral can be rewritten 
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using a Fourier transform of the fields: 


/(01 

The action then becomes: 


( 5 . 26 ) 


( 5 . 27 ) 


and the exponent of the path integral: 

So[J] = “2 y + m^)U{-k) + J^{k)U{-k) + J^{-k)U{k)) 

( 5 . 28 ) 


This can be rewritten after a constant shift of the variables (which leaves the 
measure unchanged): 


C\k) (■'{k) 


J^(k) 

+ 


Then: 


^o[^] 


1 

2 


(^^^{k){P+ m^)U{-k) 


j\k)JA{-k) \ 

k 2 _|_ ^2 j 


( 5 . 29 ) 


( 5 . 30 ) 


So that the partition function becomes: 


Zo[J] 



J^(k)Jj^(-k) 1 r 

fc^'+rn^ ^ ^ ^ (27r)‘^ 


J^{k){SF)AB{k)jB(-k) 


( 5 . 31 ) 


where we used Zq[Q] = 1. In position space it becomes: 




( 5 . 32 ) 


The quantity Sp{x — y) is the Feynman propagator, it is the Green function of 
the field equation for the free held: 

{—n + m‘^)SF{x — y)=i5^'^\x — y) ( 5 . 33 ) 
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It is given by: 


{SF)AB{k) = 




F + 


m 


2 ’ 


{Sf)ab{x -y) = 


d'^k —i^AB 
(27r)^ — 


Ak{x-y) 


IS 


(5.34) 


where in position space the contour to be chosen is dictated by the £ > 0 reg- 
ularisation. More will be said about the position space propagator in Chapter 

El 


The question that arises now is, how do we relate this partition function to the 


correlation functions in which we are interested? Let us go back to (5.24) and 
observe that: 


(0|re4(a:.) ■ ■ ■ |0) = 


i 5J^{xi) 


(5.35) 


We have, for example: 


{Q\TUx)iB{ym = 


6 


i 6J^{x) J \i 6J^{y) 


^o[-J]\j=o - (>S'f)ab(x - y) 


(5.36) 


or in momentum space: 

(5.37) 

We see that correlation function in the free theory are given by products of propa¬ 
gators. However, we are interested in the correlation functions for the interacting 
theory. In order to obtain the latter, we dehne the path-integral for this theory: 

Z[J] := (0|0)j = Z[0] = 1 (5.38) 


where Cint is the interaction part of the Lagrangian, which depends on ^ but 
which can also depend on other helds {e.g. a vector held, see below). For now. 
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let us suppose that it depends only on the spinor held. We can then rewrite: 


_ J 25 ^ g* / d*x(^Co+Cint + J^^A) 

_ gi J d‘^xCi„t[Sx] J 2 )^ g* / d*x(^Co+J^^A) 
= Z[0] = 1 


(5.39) 


where we introduced the notation 6x = \5/5J^{x). Note that in general Z[0] ^ 1, 
so that the condition has to be imposed by hand. However, for sake of simplicity 
(it will not affect the following statements), we will assume that it has been 
done. The generating functional for the interaction theory generates, as its name 
suggests, the correlation functions of the latter. As before, we have: 

(0|Ta(ii)-"|0>= (5.40) 


Which in this case becomes: 

{0|r«.4(xi) ■ ■ ■ |0> = 


(5.41) 


As it is well known, these correlation functions are generally calculated in per¬ 
turbation theory after expanding the exponential containing the interactions La- 
grangian in a power series in the (assumed small) coupling constant. Since the 
interactions are typically higher than quadratic, the two-point functions (or prop¬ 
agators) remain unchanged at tree-level. Similarly, after having specihed the 
interactions, the (tree level) vertices of the theory can be derived. The set of ex¬ 
pressions containing the propagators and the vertices form the Feynman rules of 
the theory. We now derive these for two simple models of second-order fermions. 


5.3 Feynman rules for Majorana-Weyl theory 

Let us now look more particularly at the case discussed at the beginning of the 
chapter. We consider a massive Majorana fermion minimally coupled to a vector 
held. In the massless limit, the now called Weyl fermion can be considered as a 
charged held and then the vector held is the appropriate gauge held under whose 
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symmetry group the fermion transforms. The Lagrangian is given by: 


m 




(5.42) 


with reality condition: 


D^'^U = (S - ieAr^U 




A'A A- taA’A 


A'A, 


m 


(5.43) 


which leads to the mode decomposition (5.3): 


^^( 2 :) = / dnk[ukA{s)akis)e^^'^^+ VkA{s)al{s)e 


t / \ —ikx 


(5.44) 


The Lagrangian splits into its free part (upon integration by parts): 

Co = -l^^{-D + m^)U (5.45) 

and interacting part: 

d^int = ieAA'^ {^aQ^ (5.46) 

where we chose to write the terms in the brackets in a way that will mimic Dirac 
theory to be discussed below, and = Aa^Aa^' = A^A^^. We are hrst of all 
interested in the cubic vertex in momentum space. After Fourier transforming 
all the helds (all momenta incoming by convention), we have: 


= A J 


d*k2 d% 

(27r)4 (27r)4 {27i)^ 


{27iY6^^\ki+k2 + k^)AAA{ki)i^{k2)i’^{k^) 


X 


1 A' 1 A' 

^BAf^S C — ^CA ^2 B 


(5.47) 


The Feynman rule is related to the three-point correlation function: 

{Q\TAAA{k,)e{k2)f{k^m^ 


6 


A 6 


A 6 


i 6B2 {-ki) J \i SJB{-k2)) \i dJc{-kA, 




(5.48) 


where B% is the source current associated to the vector held, and the generating 
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functional has to be expanded to first order. In the following we will assume 
that the free part of the generating functional corresponding to the vector held 
is given by: 

Zo[B] = exp J (5.49) 

with D{q) an appropriate propagator and the extra minus sign in the exponent 
corresponds to the Bose symmetry of the vector held. Let us introduce some 
notation. For a generic iV-particle interaction, the integration measure is: 

J J 

Furthermore, the functional derivatives will be denoted as: 


(5.50) 


(5.51) 


We then have, at order e: 


Z[B, J]=iej [eBAk^'c - ecAk^' b] Ai,{-k,)5^{-k2)5^{-k^)Zo[B]Zo[J] 

(5.52) 


Together with (5.48), we see that we need to expand the exponential containing 


the vector propagator once, and the exponential containing the fermion propaga¬ 
tor twice. This yields an overall factor of 1/(2!). Once the functional derivatives 
have been taken care of, we are left with: 


{Q\TAA'\kr)e{k2)i^{kzm = {2T^Y5^^\k^ + ^2 + ^3 


X 2ie 


epDk^ E - eEoki^ f\ ik,)Diyj,,ik,) 

(5.53) 


Let us now recall, that the correlation functions are linked to the scattering 


amplitudes through the LSZ reduction formula (5.20). In momentum space, the 
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latter is given by: 

"•i 

i=l i=l (5.54) 

X (0|T^Aj(/Ci) ■ ■ ■ ■ <B„^{-Pnf)\0) 

and similarly, a formula can be derived for vector fields. Notice that: 

i{p^ + rn^)Sp^{p) = (5.55) 

So that, what the LSZ effectively does is to amputate the external propagators 

from the correlation functions! Therefore, we have schematically (up to signs and 
before projecting on polarisations): 

U\i) ~ (5,56) 

For the case of the cubic vertex Feynman rule, we are not interested in projecting 
the correlation function on external polarisations (as this is only done for external 
states that are on-shell). Moreover, it is usual to dehne the transition matrix T: 

{m = - K^t)T (5.57) 

So that the overall conservation of momentum is factored out. All in all, the 
off-shell cubic vertex Feynman rules is given by (all particles incoming): 

2ie ecAk 2 b — ^BAk^ c (5.58) 

In a similar way, the Feynman rule for the quartic vertex can be derived, one 
obtains: 

2ie^€^'^'€AB€cD (5.59) 

We can now summarise the Feynman rules for this theory as it is usually done in 
any quantum held theory textbook. 

• Draw all amputated connected diagrams at a given order in the coupling 
constant (topologically inequivalent). 
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Each internal line corresponds to a propagator: 


qAB _ 
Op — 


_1^ab 

+ m? 


(5.60) 


Enforce momentum conservation at each vertex. The latter are either cubic 
or quartic (Figj5.1[) and are given by: 


2ie 


(^CAk^'B - (^BAkf c , 2ie^e^'^'eAB(^CD 


'^3 


2^A'B' 


(5.61) 


respectively, with all momenta incoming. 


• The rules for the signs are as follows: we write spinor arrows at each vertex 
as we previously drew charge arrows. In this case, an outgoing arrow denotes 
the spinor that sits to the left in the vertex interaction and an incoming 
arrow denotes the spinor sitting to the right. The sign in the momentum is 
positive if the spinor arrow and the momentum flow arrow are antiparallel. 
The indices in the propagator and in the quartic vertex correspond to the 
order that “climbs up” the spinor arrow. 


• For loops, an extra minus sign arises as in the usual hrst-order formalism, 
and the momentum running into each of them has to be integrated over. 

• External lines are contracted with polarisation spinor^ 

incoming : Mfc(s), outgoing : Vk{s) (5.62) 


• Symmetry factors need to be accounted for. 


Using these rules, it is possible to carry on with perturbation theory in this 
formalism, but before doing so, we will give the same rules for the case of Dirac 
Electrodynamics. 


^Notice that in the LSZ formula (5.541, there is an extra (—1)”^" coming from the outgoing 
particles. Later on, we will develop an index free notation where the contraction of the polar¬ 
isation spinor of the outgoing particles is reversed compared to the incoming particles. This 
will cancel this overall sign. 
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Figure 5.1: Cubic and quartic vertices for the Majorana-Vector interactions 


5.4 Feynman rules for Dirac theory 


The Lagrangian for second-order Quantum Electrodynamics is given by (we sim¬ 
ply consider the fermionic part): 

L = -2Da'\aD^'^^b - m\^U (5.63) 

with 


+ ieA^)x, (5.64) 

where we included the electromagnetic coupling |e| -C 1, and the helds transform 
under the U{1) symmetry group as: 

6^ = +iea^, 6x = —ieax (5.65) 


The mode decomposition that follows is given by: 

U{x) = J dflk (ukA{s)ak{s)e^"^^ + nfcA(s)4(s)e“*^"'^ (5.66) 

Xa{x) = J dQk(ukA{s)ck{s)e^'^^'^ + VkA{s)al{s)e~''^'^'^ (5.67) 


where summation over the index s = 1,2 is implicit. Recalling Table 3.1 


creates electrons, while A creates positrons. Being not Hermitian, the theory is 
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supplemented with reality conditions: 

U"' = (5.68) 

m m 

The Lagrangian can be expanded so that: 

C = Cq + Cint (5.69) 

with 

>Co = -d^^x^dfxU - (5-70) 


and 


Cint = 2ieA^^ {xA^dA'^^B) + ('9a'^Xb)'Cu) — bX^^a (5-71) 

Because there are now two distinct fermionic fields, both the propagator and 
vertices are oriented. Using the same method as above, one arrives to the following 
rules for the propagator: 

(0|T{^a(p)xb(-p)}|0) = Sf{p)ab = ^2 (5.72) 

where, the held sits at the end of the directed line. Similarly, taking all our 
particles to be incoming, the vertices are (cubic and quartic resp.): 


2 ie 


^CAk^B + €BAkf^‘ 


3 c 


-2ie^e^'^' eAB^CD 


(5.73) 



Figure 5.2: Cubic and quartic vertices for Dirac Electrodynamics interactions 
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As for the external polarisations to be used, let us for example consider an in¬ 
coming electron. Its state is given by: 

|p,s,e) = aj(s)|0) (5.74) 

We need to consider the following Wick contraction: 

Ip, s, e) = e^^^UAis, p) |0) (5.75) 

Similarly an incoming positron will be given by: 

|p,s,-e) = cj(s)|0) (5.76) 

and then: 

Xa{x)\p, s, -e) = p) |0) (5.77) 

As for the outgoing particles, an outgoing electron state is given by: 

(p,s,e| = (0|ap(s) (5.78) 

So that the Wick contraction to consider is: 

{v,s,e\xA{x) = (5.79) 


Finally, an outgoing positron: 


(p,s, -e| = (0|cp(s) 


(5.80) 


Hence: 

(P, -s, -e\U{x) = (0|e“'^^nA(s) (5.81) 

We see that electrons and positrons are described by the same polarisation spinor. 
This is due to the charge symmetry invariance of the theory. Finally, let us 
summarise the Feynman rules: 

• Draw all amputated connected diagrams at a given order in the coupling 
constant (topologically inequivalent). 
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Each, oriented, internal line corresponds to a propagator: 


qAB _ 
Op — 


_1^ab 


(5.82) 


p2 _|_ ^2 

The field sits at the end of the directed line. 

Enforce momentum conservation at each vertex. The latter are either cubic 
or quartic (Figj5.lD and are given by: 


2ie 


^CAk 2 B + ^BAk^ c , —2ie"‘e^ " ^ab^cd 


.A' 


2A’B' 


(5.83) 


respectively, with all momenta incoming. The spinor field ^ has an incoming 
directed line. 

• For loops, an extra minus sign arises as in the usual first-order formalism, 
and the momentum running into each of them as to be integrated over. 
Notice that due to the orientation of the lines, there is in general more than 
one loop orientation. 

• External lines are contracted with polarisation spinors (electrons and positrons 
share the same polarisation spinors): 


incoming : Uk{s), outgoing : Vk{s) (5.84) 


• Symmetry factors need to be accounted for. 

We can now proceed with some basic Perturbation Theory calculations. There, 
we will see that these Feynman rules (although sufficient) can be improved to 
simplify calculations. 
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Chapter 6 

Tree-level Processes 


We start by computing some of the most typical QED amplitudes. If not other¬ 
wise stated, we will be dealing exclusively with Dirac Electrodynamics from now 
on. In this chapter we will be quite explicit in deriving the amplitudes in order 
to get acquainted with the two-component spinor formalism. 


6.1 On-shell formalism for the three-valent ver¬ 
tex 


Before carrying out any calculation, it is interesting to construct the Berends- 


Giele currents 38 for the cubic vertex that allow for simpler calculations later 


on. This exercise also serves as an introduction to the research area of “Scatter¬ 
ing Amplitudes” using a spinor-helicity formalism. Our three-valent vertex with 
incoming (fermions) momenta ki and k 2 is: 


V 3 (/ci, k 2 )ABC^ — 2ie kiA^ esc + k 2 B^ ^ac 


C. 


c' 


( 6 . 1 ) 


with momentum conservation imposed. When computing scattering amplitudes, 
this vertex will be projected on polarisation spinors for incoming fermions. We 
therefore compute the following “on-shell” amplitudes: 

M{hi, h2)c^' = e^(fc, hi)e^(p, h2)V^{ki, k2)ABC^' (6.2) 


where we split the previously used spinors ua and va into their components 
eA = ^% In order to do so, recall that a massive momentum admits the following 
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spinor decomposition: 




K^K^' 


2{Kp)[Kp\ 


(6.3) 


where both K and p are null spinors. In this formula, p is a reference spinor from 
which any physical amplitude can not depend and which can be chosen freely. 
For clarity we also recall: 


e^(A;) 


2^/^Ka 

Vm 


e+{k) 


y/mpA 

2^l\Kp) 


(6.4) 


Let us then compute the partially on-shell amplitudes (currents) for two incoming 
particles with momentum ki and k 2 respectively: 


kA! \ C _ /o- Pi I P 2 ^ic\ 

(-[ 1 ^ + 

kAf i I ^ C" /?i- (Pick^2 I P2cKi ^ 

MA,+)c + 

kA! C'_ Pl'P2C 

M{-,+)c --2,e\K,cK, + 


-M(+,-)c^' =-2*e KYK 2 C + 


c 


P 1 CP 2 

2 (lpi)[2p2] 


(6.5) 

( 6 . 6 ) 

(6.7) 

( 6 . 8 ) 


where (Ipi) := K^piA and similarly [Ipi] := Kia'Pi'■ Notice that for real mo¬ 
menta, we have the following identity: 

M{h, h2)c^' = -h2)D'^ (6.9) 

with hi = ±1/2. From the above formulas, the computation of different diagrams 
for external fermions becomes much simpler, specially at tree level, as one simply 
needs to contract them with internal propagators. We will not consider here the 
amplitudes for on-shell photon and fermions as for those cases we will have to 
consider quartic interactions to be treated later on. It is worth noticing here that 
when dealing with massless incoming/outgoing fermions, there are only two cur¬ 
rents that contribute to the process. In this formalism one immediately sees that 
only fermions with opposite helicity (if both incoming or outgoing) contribute. 
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with; 



( 6 . 10 ) 

( 6 . 11 ) 


Lastly, if we consider one ontgoing particle or both of them ontgoing, there is a 
change in sign in the three-valent vertex. Moreover, a positive helicity ontgoing 
particle will be represented by e~ as we previonsly saw. Accordingly, there will 
be either a global sign change in the on-shell amplitndes if both particles are 
ontgoing, or a relative sign if there is one incoming particle and one ontgoing, 
as well as a change of helicity state. For example, for two ontgoing particles we 
have: 




( 6 . 12 ) 


6.2 Sum rules: spin averaged probabilities 

When specihc helicity combinations are not of interest, one is led to consider 
nnpolarised cross-sections. As it is done in the usnal hrst-order formalism, we 
develop now similar tools for an efficient compntation of averaged probabilities. 
When we snm (or average) over photon polarisation states, one can make nse of 
a Ward identity to obtain: 




(6.13) 


pol. 


In onr case, this will become: 



(6.14) 


pol. 


As for the fermions, we need to compnte: 



(6.15) 


Using (1.39) and (1.42), we obtain: 



(6.16) 
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6.3 Unpolarised processes: e e /i scat¬ 

tering 


We now have everything we need to work with our formalism. Hence, we start 
considering the simplest QED process: electron-muon scattering at tree level in 


the limit irie -C Fig, 6.1 


^2 D c P2 



Figure 6.1: e /i —)■ e /x 


Let us hrst compute the amputated amplitude M.abcd for an incoming electron 
with momentum ki scattered off an incoming muon with momentum pi. We have: 


M 


ABCD 


{ieY{ x) ^ pt p, \^ef^ F', „ F’ 

4--^-- y^lA ^DF — 1^20 ^AFJ e ^F'F' 


e €f'F' [PlB ^CF — P2C ^BF 


4ie^ 


[{h ■ pi)j^p ecD + {k2-pi)ijB eAC 


{ki ■ P2 )ac ^bd - {k2 ■ P 2 )DC ^ab] 


(6.17) 


where we dehned: 


(X ■ v)ab — kA^'vBC’ 


(6.18) 


and = {ki — k 2 Y = (pi — ^ 2 )^ = t- The complex conjugate amplitude is simply 
obtained after replacing every unprimed spinor by a primed one and vice versa, 
so that (taking into account the extra minus sign from the imaginary unit): 


M*A'B'C'D' = [(^1 ■Fi)a'B'^C"D' + {k2 ■Pi)d'B'^A'C' 

q (6.19) 

~ (^1 ■ P2)a'C' ^B'D' — (^2 ■ P2)c'D' ^A'B'] 
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and we defined: 


{k-p)A'B' ■= kA'cPB^ 


( 6 . 20 ) 


Now, one generally needs to compnte an nnpolarised cross-section. In order to 
do so, we project onr amplitnde on external polarisation states, average over 
incoming particles’ spin and sum over outgoing particles’. In the end, we have: 


\M\^ 


j'^MABCDM*A,B'c'D'^^^*'^\ki)e^e*^'{pi)e^e*^\p2)e^e*^'{k2) 

pol. 

\MabcdM\,b'cd' kt^'P i ^'p 2^'k ^^'^^ 

4 


( 6 . 21 ) 


Let us consider the following quantity: 


M\,^,a,rykp'p’i’>’prkr~ 

ml m2 


( 6 . 22 ) 


Either using (6.19) and 


k^^'kA'^ = -'^e 


m 


AB 


(6.23) 


or similarly noticing: 

2 


mi 


k^^'p^^'Vl{k,p)A’B’C'^ = -V2.{k,p)ABC'^ 


(6.24) 


It is easy to derive the following equahtj|^ 


^AA'^BB' jOC uDD' ^ ^ ^ 

ml m2 


uAA'BB'CC'uD 
■'^'■A'B'C'D'^l Pi P2 H 


(6.25) 


So that: 


\M\^ = -^MabcdM^^^^ (6.26) 

In the above formula, we only need to compute three different expressions. Con¬ 
sider four momenta k, p, q, I describing massive particles. We have: 


^In Section 9.4.4 we derive the general formula for an arbitrarily high number of external 
particles in order to prove unitarity. 
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{k 

p-jAB^CD 

= mlml 


{k ■ p)ab^cd < 

{k 

q'^AC^BD 

= -\mlip 

(l) 


{<1 

l^CD^AB 

= {k-p){q- 

1 ) 


where 

k-p = k^A'P"^'A = k^p^ 


(6.27) 


(6.28) 


Using this and neglecting terms proportional to the electron mass, we obtain: 


\M\^ = 


8e 


4 r 


{ki ■ Pi){k2 ■ P2) + {ki ■ P2){k2 ■ Pi) + m^iki ■ ^ 2 ) 


(6.29) 


which is the well know sqnared amplitnde for the nnpolarised process. 


6.4 Helicity structure: muon pair production 

It is important to nnderstand what happens physically in scattering processes 
and, even thongh nnpolarised cross-sections are easier to compnte, they often 
do not provide any insight abont what is really going on. One conld instead 
consider individnal physical processes, that is, different helicity strnctnres for a 
given process. Once this has been done, one is still free to snm over all helicity 
channels to recover an averaged cross-section. 





Fignre 6.2: e e"*" —)■ /i 
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We will consider the high-energy behavionr of the mnon pair prodnction from an 
electron-positron annihilation (Fig j6.2[ ), i.e. its massless limit. The latter makes 
the compntation mnch easier and at the same time is insightfnl toward exhibiting 
the simplicity of onr formalism in the helicity basis. 


Using the resnlts of (6.1), we only have to consider fonr amplitndes. We need 


to connect (6.10) and (6.11) for, on one side, the electron/positron pair and, on 
the other side, the mnon/antimnon pair, with a photon propagator in between. 
Moreover, from (6.9), we have: 


-M(+, 


}c 


c 


= ecne 


CD' 


+)n>' 


D 


(6.30) 


so that there are effectively only two distinct amplitndes. These are: 

(6.31) 

(6.32) 

We can relate them to the amplitndes with opposite helicities as follows: 


Wl(+, +, -) = MT{+. -)e^' -)e^' 

Wl(+, ^e^^eE>F' 

qz H- 


Al(-f-, —; -I-, —) — — , +; —, +) (6.33) 

M.{+, — ; —, -I-) = +; +, —) (6.34) 


Let ns then compnte these amplitndes. We label the particles with their mo- 
mentnm /c* and nse the abbreviation kfk,A := ( ij) and kiA'kf := [ij]. We then 
have: 

Wl(+,-;-,+) = —(13)[24] (6.35) 

M(-,+;+,-) = —[13](24) (6.36) 

4?p^ 

Wl(+,-;+,-) = —(14)[23] (6.37) 

qz 

Wl(-,+;-,+) = —[14](23) (6.38) 

where we used {ij)* = —[ij]- Finally, using 

= {h-kj) (6.39) 
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we obtain: 



2 


2 


(6.40) 


(6.41) 


And trivially: 



(6.42) 


We can qualitatively analyse the physics of the process. Consider the above 
process in the centre-of-mass frame of the incoming particles and assume without 
loss of generality that the particle flies along the positive direction of the z-axis 
(the antiparticle flies along the negative direction). There are only two distinct 
amplitudes, as for an incoming pair of particle and antiparticle with opposite 
polarisation^ say +/- respectively, both particles will have spin up along the 
z-axis, summing up to a spin 1 state. After they decay and their product creates 
the other pair of particles, the latter will either have opposite helicities to the 
original pair, or carry the same helicities as their predecessors. In any case they 
could not have the same helicity, as it would correspond to a spin 0 state. Another 
way to see this is to recall that the cubic vertex vanishes (in the massless limit) for 
particles with identical helicities. Therefore, one can physically only distinguish 
those two different states if one does not know about the initial state of the 
incoming particles. 

6.5 Compton scattering e “7 —)► e “7 and the quar- 
tic vertex 

We consider now Compton-scattering, a very well known process, but more specif¬ 
ically in our case, the first tree-level process in which the new quartic vertex 
comes into play. We label as before the particles by their momenta fcj and their 
spinor indices. The process is described by three diagrams (Fig j6.3D : the s- 
channel diagram with the momentum flowing in the internal propagator is given 

^By polarisation, we mean helicity (information carried by the polarisation spinors), which 
has to be distinguished from the spin (eigenvalue of the spin operator defined in some reference 
frame). The helicity is the projection of the spin onto the direction of the momentum. 
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by {ki + k 2 ) = q = (fc 3 +/^ 4 ) and = s; the u-channel with {k 2 — k^) = p = {k^ — ki) 
and = u; and the new quartic vertex. 

The three amputated amplitudes are given by: 


• FE 

A' c^' / 7 \ ( 1 A' A' \ 

Ml AB cD = 2 ze[—k 4 B epc + qp ^dc )—,- ii 2 ie[k 2 B ^EA — qp ^ba) 




s + 


( 1 A' 1 C' A' 1 C' 

— €Ack2B MD + €ABqc k^D 

. n (^'h -L \ 

—^COqA l^2B + 2^ ^ ^AB^CDJ 


(6.43) 


M 2 AB^ CD — 2ie ( —/C4D^ ^fa + Pf^ ^da^ 


u + 


• FE 
—te 

u + m? 

c'u A' ^ ^ c'u A' 


,2ie {k 2 B'^' 


c' 


^Ec — Pe ^bc 


'2B k^D — epcPA k^B 
1 


A' 1 r" 1 9 A'n' \ 

-^ADPC k2B + 2 ^* ^ ^BC^ADJ 




3 AB CD = —2ie^e^^ ^ac^db = 2iAe^^ ^ac^bd 


(6.44) 

(6.45) 


Let us make a few comments. First of all, notice that in the propagators the 
Levi-Civita symbol has to be contracted from the outgoing fermion onto the in¬ 
coming fermion (this is the usual “climb up the fermions arrows” rule). If in the 
Dirac formalism, this extra sign does not matter, it is simply because consistency 
between all diagrams is sufficient to ensure the right sign. However, here, relative 
signs matter as the channel amplitudes have interferences with the quartic ver¬ 
tex, which does not have any propagator. Instead, when stating the four-valent 
amplitude, one has to take into account that the spinor indices of the fermions 
also have to be placed in the same order (from the outgoing state inwards). 


Second, while the quartic vertex describes the “identity” amplitude, we see how 
each of the eight terms entering the channel amplitudes describe all possible ways 
of mixing spinor indices among the particles. Indeed, if one is to “scatter” the 
spinor index of the incoming fermion with the incoming photon, one is considering 
an s-channel process for which the indices A and B, on one side, C and D on 
the other side, mix. Indices belonging to the same spinor representation mix 
naturally with a Levi-Civita symbol, however, if one is to mix an unprimed index 
with a primed index, one understands naturally the appearance of the momenta 
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in this formalism. Similary, if one wishes to mix, say A and D indices, one 
is considering a n-channel snbprocess. Finally, the extra factor of two in the 
last term of each channel amplitnde is understood as a symmetry factor of the 
consequent subprocess. 



Figure 6.3: The three tree-level diagrams entering the Compton scattering calcu¬ 
lation. 




Last but not least, crossing symmetry is already apparent at this level of the 
computation. Indeed, under the exchange of the two photons indice^ {A and C) 
as well as q and p, the two channel amplitudes are mapped into each other. This 
symmetry will greatly shorten the computation of the amplitude squared since 
as a consequence one only needs to compute half of the terms. 


We now proceed with the computation. As before, the sum over all polarisations 
is carried out and we have: 

^ (6.46) 

pot. 

The dual amplitudes are this time not equal to the original ones as the fermion 
in the propagator is off-shell (recall that the sum over polarisations amounts 
to contracting the complex amplitude with the Dirac operator in momentum 
space). However, it is possible to regroup the amplitudes in the physical scattering 
channels. Indeed we can simplify the calculation if we look more carefully at the 
four-valent vertex. Recall: 


XA^' C _ 9 „- 2^A'C' 

-^3 AB CD — —e 


ht is understood that by “photon index A 


^Ac^DB — ^ ^Ac^BD (6.47) 

”, what is meant is “the pair of photon indices 


AA!". 
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Using the Shouten identity 


^AB^CD — ^AC^BD — ^AD^BC 


( 6 . 48 ) 


We can rewrite the amplitude as: 

( 1 s + rn? 




3 AB CD 


= —4ie e 


2A'C' 


2 s + m? 


lu + rn? 
2u + m? 


;) ( 6 . 49 ) 




Then, one can split this amplitude within the s— and m— channel amplitudes to 
have: 


AB CD 


Ae^i 


S + 7B? 


(^—^Ack2B^ kiD^ + ^ABQC^ k^D^ 

c n C’l. A' ^.^2 VC' ^ \ 

— ^CDQA I^2B — 2 ^ ^ ^AB^CDJ 


( 6 . 50 ) 


M^ab^'cd = -^ UeAck2B^'k,D^' - escPA^'k^D^' 

“ + ^ . ( 6 . 51 ) 

A' 1 C -^2 A'C 1 

-eADPc k2B - 2^ ^ eBCf^ADj 

M = Ms + Mu ( 6 . 52 ) 

With this trick the dual amplitudes become equal to minus the bare amplitudes! 
The four valent vertex comes to help us to relate the complex amplitudes to the 
original ones through the Dirac equationj^ 

Let us now carry on with our computation. The spin averaged squared amplitude 
will be given by: 

\M\^ = - ab^ cd-MjaA^c'^d = ( 6 . 53 ) 

ij 

Thanks to crossing symmetry, we only need to compute two squared amplitudes: 

\Ms\^ Ms-Mu ( 6 . 54 ) 


The task of computing Compton scattering became at least as simple as in the 
usual Dirac formalism, likely easier as one needs only to plug together the Feyn¬ 
man rules and contract spinors. In computing these amplitudes, we will express 


^See Section 


9.4.4 


and Appendix [pj 
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the momenta dot products in terms of the Mandelstam variables here dehned: 


s = {ki + k 2 Y = 2(A;i ■ k 2 ) — rn? = 2{k3 ■ k^) — (6.55) 

t = {ki — k‘if‘ = —2{ki ■ ks) = —2(/c2 ■ k^) — 2m^ (6.56) 

u = {k2 — kzY = —2(/c2 ■ k^) — = —2{ki ■ k^) — (6.57) 

0 = s-|-t-|-M-|- 2m^ (6.58) 

We then have the following identities: 

2 

Q — 777 

{k 2 ■ q) = = {k, ■ q) ( 6 . 59 ) 

2 

7 / — 777 

{k2-p) = ^^ = {k,-p) ( 6 . 60 ) 

{k2 ■k,) = ^ ( 6 . 61 ) 

{q ■ p) = —m^ ( 6 . 62 ) 


And hnally, we need: 




1 

2 






So that we have the following identity: 

kAA'pA^'pA'^QBB' = {k ■ p){q ■ p) - ^p‘^{k ■ q) 


(6.63) 


(6.64) 


We obtain: 


\Ms? 

\Mu? 

MsMn 


00 

1 

(s + u) 

(s — m?Y 

(s + w?) 

(s + w?y 

00 

1 

{s + u) 

{u — rri^Y 

{u + rn?) 

{u + rn?Y 

-16e^ 

2 

m 



(s + w?){u + w?) 


= |AfsP(s y-)- u) 


1 

2 


(s + u) 


MuMs 


(6.65) 

( 6 . 66 ) 

(6.67) 
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So that: 


\M\^ = -2e^ 




^ s + m? u + m? 

—4m^ 


+ 4m^ 
1 


+ 


+ 


s + m? u + m? 
1 ^2 


s + rn? u + rn? 


( 6 . 68 ) 


As we will see in Section |9.4.4[ the four vertex can be excluded of any tree level 
calculation if we dehne a set of rules to be followed. This is very similar to what 
is done in Yang-Mills theory to reconstruct all tree-level diagrams from a basis of 
three-valent vertices. Firstly, define the reduced channel amplitudes: 


:= (si + rn^)Ms 


(6.69) 


where m is the mass of the fermion in the channel. Then, the amputated ampli¬ 
tude for a two-fermions-two-photons process with momenta ki is: 


Af(Si,S2,{fci}) 


^si( 5 l,{fci}) ^.2(^2, {fcj}) 

(si -|- m?) (s2 + m?) 

= -m2, {kj}) TIs2(s2 = -m2, {kj}) 
(si -|- m?) (s 2 + m?) 


(6.70) 


This fixes the rules for the cases in which the four-valent vertex appears as a 
tree. In the following we will see how this rule also works for loops involving the 
four-vertex; as long as the amplitudes describes a physical process. 
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Chapter 7 

Renormalisation 


After having explored a few basic tree-level processes, it is important to check 
that both formalisms (hrst- and second-order) are equivalent at loop level. Indeed, 
QED has been experimentally shown to be the most accurate theory of Nature; it 
would be a huge blow to the new formalism if it were not able to predict the same 
results as its hrst-order counterpart. In this chapter we explore the simplest loop 
processes, for which an analytical calculation is both tractable and pedagogical. 
In order to check full consistency, higher loops calculations would be needed, 
however this is not covered in this thesis and is left as a future possible line of 
investigation. For further explanations about the Physics behind these processes. 


we refer the reader to 37,39 


7.1 Using dimensional regularisation 


We use dimensional regularisation, which is a natural choice for gauge theories, 
to deal with the divergent one-loop integrals. However, one must be careful when 
using soldering form identities in this scheme. Indeed, even though its algebraic 
properties are retained, many identities only hold in four dimensions (see 
Appendix B.2). We shortly summarise here the main identities in 77 7 ^ 4. As we 
mentioned, the algebraic equation: 

= -lrr^AB + ^‘S:B ( 7 . 1 ) 


29 


is still valid in dimensional regularisation. The trace identity is then 


e’XA'D’'^-'' = ->r, €.4B€“ = 2 


(7.2) 
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where the internal spinor space is two-dimensional even in onr regnlarisation 
scheme. Similarly, another identity that follows from the algebra is: 



(7.3) 


Now, any identity that involves the Levi-Civita tensor cannot be valid in D 7 ^ 4 
dimensions, for example: 



(7.4) 


does not hold any longer. However, for any symmetric tensor the identity: 



(7.5) 


remains valid. After having set the rnles for using dimensional regnlarisation in 
our formalism, we can hnally start calculating some simple amplitudes. 


7.2 More on the quartic vertex: charge renor¬ 
malisation 

We will, hrst of all, compute the amputated two-point photon amplitude at one 
loop in second-order QED. We begin our calculation by considering the two dia¬ 
grams that contribute to the one-loop amplitude, (Fig j7.1| ). We then have, using 
the Feynman rules listed in Section |5H 




A' B' 

A B = 


(-l)4e^ 


/ 




(7.6) 


PhD Thesis 


100 


Johnny Espin 













Chapter 7. Renormalisation 



Figure 7.1; Photon two-point function diagrams at one loop 


In dimensional regularisation, we have D = A — e. This allows us to freely shift 
momenta and to rewrite the second integral as: 


d^p 


{2n)^ [p^ + m? 


Then: 


1/2 


+ 


1/2 


d^p . 

(27r)-^ y -I- w?] ' [{p + ky + 
d^p \\{{p + kf+py+rry'^ 


(27r)-^ [p2 -|- Tm?] [{p + ky + m? 


= (-l)4e^/ 


d^p 


{2n] 


D 


[p^ -|- m?] [{p + ky + m? 


(7.7) 


P^'b{p + k)^'A + (p + k)^' bP^'A + m^e^'^'eAs] 


We expect the amplitude to be proportional to the transverse projector so as to 
satisfy the Ward-Takahashi identity. Therefore, it should depend on k ^'a and 
k^'B with this index strnctnre. This is not the case in our integrand, we thus use 
the following identity: 




(7.9) 


in order to rewrite the nnmerator. Once this has been done, Feynman parameters 
are introdnced to rewrite this integral (keeping terms involving even powers of 
the loop momentum i only) and we Wick rotate the time component of our loop 
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momentum = ii%). We then have for 


2A'B' 


^e^ + A 


l2 


A^E^ B + ^E^^^ ^ ^AB 


2A'B' 


—x{l — x)k^e^'^' eAB — 2a;(l — x)k^' Ak^' b + m^e^'^' eAB 


2A'B' 


= (—l)4e^ J dx J 


d^if 


i2E] 


D 


l2 


-^ + 1 ) iE^e^'^'eAB 


e " + A 

x{l — x)k‘^e^'^' eAB — 2x{l — x)k^' Ak^' b + m^e^'^' eAB 


(7.10) 


with 


= p + xk, A = x{l — x)k‘^ + rn? 


(7.11) 


and we replaced 


a A' p B' , ^ n 2A'B' 

'E A^E B —t ~j^’^E e Sab 


(7.12) 


Finally, using: 

2 f d^i 


D ^ ^ 


(27r)^ (4 + Af (47r)W2^(2 D/2) 


o D 
1 \ 2 2 


^ ^^ _r(2 - D/2) 

(24^(4 +A)' (47r)W2 ^ /) 


o D 
1 \ 2 2 


-A) (7.13) 

(7.14) 


We obtain; 




1 2a;(l - x) 

dx - B — (7-15) 

A 2 -f ^ ^ 


The two point function is usually written as: 

iU^DA'^B'^ = - [k’^e'^'^'C ab + k^'Ak^' b) ■ iU^^^k"^) (7.16) 


We have here : 


n«(A; 2 ) 


-Se^ 


T{2-D/2) 

(47r)-D/2 



dx 


x{/i — x) 

A^-f 


(7.17) 
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We shall now use our regularisation and take the D —)■ 4 limit: 

f dx x{l - x) --f -\og^ + C>(£)^ 
TT JO \S 47r J 


(7.18) 


Let us now shortly recall that the quantity we have just computed describes the 
renormalisation of the electromagnetic coupling constant a. Indeed, because of 
the Ward-Takahashi identities, we have that the photon two-point function is 
given by: 


te Cab 


F(l-n(fc2)) 


(7.19) 


Therefore, as long as Il{k^) is regular for on-shell momenta, the propagator always 
has a simple pole at = 0 and the photon remains massless (this is for example 
not the case in 2D massless QED where the photon acquires a mass at the one-loop 
leveQ. The residue of the pole is related to the wave-function renormalisation: 


-= Z, 

1 -n(o) ^ 


(7.20) 


Referring to the quantity that multiplies the vector-current interaction in the 
Lagrangian as the bare charge Cq, after renormalisation we have: 

e = v^^eo (7.21) 


with e the physical renormalised charge. Notice that if one looks at the countert¬ 
erms in the Lagrangian (computed as usual, see e.g. [^), one has 

Zi = bi = Zi-\ (7.22) 

e ^ 

with the counterterm corresponding to the three-valent vertex and Z^ the 


^To see this, consider (7.151 at w? = 0 and D = 2. Including a factor of 1/2 as a dimensional 
correction for the loop, the two-point function has the structure of a transverse propagator for 
a massive photon with mass Notice however that the isomorphism between the Lorentz 

group in two dimensions and SU(2) spinors is no longer valid. Therefore, the limit should be 
understood in the following way: compute the quantity in 4D, use the isomorphism to go back 
to spacetime indices, take the limit —> 2 and multiply by one half for each fermion loop as a 
dimensional correction. 
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fermion wavefunction renormalisation. Equation (7.21) is a first indication that 


Z\ — Z 2 


(7.23) 


Furthermore, in our case, we introduce a fourth counterterm for the four-valent 
vertex such that: 

^4 = ^4 - 1 = Z^Z2 - 1 = - 1 (7.24) 

Then, we have: 


Z\ — Z2 — Zi^ 


(7.25) 


This follows from gauge invariance (or equivalently from the Ward identities). 
Coming back to the charge renormalisation, when one computes a scattering 
process at non-zero at one-loop, one deals with the quantity: 


le eAB 


ocA-'B' 

le eAB 2 


P l-n(P) 


a.A'B' 

le Sab 


e^(i + n(fc^)-n( 0 )) 


(7.26) 


F 1-(n(fc2)-n(o)) 

Then, although the hrst order shift in the electric charge is divergent, the effective 


a 


electromagnetic coupling that appears in (|7.26|) is well defined: 

^effik ) = 

with, at one-loop 


1 - (n(A;2) - n(o)) 


(7.27) 


n(/c^) — n(o) = —— [ dx x(i — x) log ( 
71 Jo \ 


m 


m? -|- a;(l — x)k‘^ 


(7.28) 


7.3 Charge renormalisation using the Passarino- 
Veltman reduction 

The Passarino-Veltman (PV) reduction is a useful tool to simplify the calcula¬ 
tion of one-loop integrals. Its principle relies on the fact that one can expand 


any kind of one-loop tensor integral in a basis of scalar integrals (see 40 for a 
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comprehensive review). We give here a short overview of the technique in both 
hrst- and second-order formalisms. Although the method is the same, we will see 
that it is easier to obtain the decomposition on basis integrals in the latter. 


7.3.1 Within the Dirac formalism 


Let us hrst look at the workings of the reduction in the usual case for the specihc 
example that we have treated above. We write the expression for the one-loop 
polarisation tensor given by usual Dirac hrst-order Feynman rules: 




+ m 

p2 _|_ ^2 


(7.29) 


with p := and the algebra of Dirac gamma matrices is dehned in (8.3.1). 
Using the dehnition of the one- and two-point scalar integrals: 


^o(*) 

Bo] B>^^ 


1 

1 

I^DI2 


d^i 

d^i 


DqDi 


{i + kiY + 
ko = 0, ki = k 


(7.30) 

(7.31) 


we can rewrite it as (we drop from now on the superscript ( 1 ) as we are exclusively 
dealing with the one-loop quantity): 


= 


le 


(47r)'D/2 


Tr + KBp) + m^Tr ( 7 ^ 7 ") Bo 


(7.32) 


Our aim is to scalarise the integrals. In order to do so, we give a reminder of the 
Passarino-Veltman reduction. 


We make explicit the Passarino-Veltman reduction algorithm for the case of two- 
point tensor integrals. By Lorentz invariance the integrals can be rewritten as: 

B^ = k^Bi (7.33) 

Bfj,u = QfiuBoo + kf^k^Bii (7.34) 

where Bi, Boo, Bn are form factors. Dotting the hrst equation with the external 
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momentum and usin^ 

2{k ■i) = D,-Do- k\ Ao(l) = Ao{0) (7.35) 

for mo = mi = m. We have: 

Bi = - Y P'36) 

Let us now define the transverse projector: 

d? ■= ^ (7'37) 

We then have: 

= Boo (7.38) 

“:D^d?'B'“' + ^B'“' = fc2Bn (7.39) 

Using loop-momentum shifts and rewriting numerators as inverse propagators, 
we obtain: 

{D - l)Boo = - m^Bo - (7.40) 

k^Bn = —Boo + ^^0 -(7-41) 


Let us now go back to our calculation. The photon self-energy can be written as: 


= P^VUrik) + '^ndk) 


(7.42) 


where is the projector dehned in (7.37) and At/l are form factors. We then 


have: 


= k^UL (7.43) 

= {D- l)nT + (7.44) 

^We may use a shift in the integral to prove the second equality. The latter is allowed since 
the integrals are convergent in dimensional regularisation. 
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Using the gamma matrices algebra and the decomposition of the tensor integrals 
in scalar form factors, it is straightforward, however cumbersome, to show that 
Hi = 0 and that: 


{D - l)nr = 


(47r)-D/2 


^2 

(D - 2)/l„(l) + 2m=B„ - y(D - 2)B„ 


(7.45) 


So that: 


^ff/ 2 !/ 


^PP 


4e^ 1 

(47r)^/2 D - 1 


(D - 2)Ao(l) + 2m2Ro - ^{0 - 2)B^ 


(7.46) 


7.3.2 Within the second-order formalism 


In this formalism, things work in a similar fashion. We want to scalarise the 
following integral: 




d^i (-l)4e2 
(27r)^ DoDk 


oA' 


■{i + k)^'A + (^ + k)^' b^^'a + m^e'^'^'eAB 


(7.47) 


where as before 


Dk = {^ + kY + 


(7.48) 


Again, the amplitude should be proportional to the transverse projector so that 
to satisfy the Ward-Takahashi identity. Using the same identity as before in order 
to shuffle the indices of the soldering forms, we can rewrite the numerator so as 
to match the external (physical) index structure: 


= (- 1 ) 


= (-i) 


4fe^ 




2i- 




(47r)W2 J i'jiD/2 ^ 

+ {i ■ {^ + k) + 

[opA'B' I nA'iB' I nB'jB' 
Y^a b + Pa k B + Pb k A 

+ (^o(l) + k^Bi)^^ ^ €ab 


(7.49) 
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where and are given as before by their form-factor decompositior|^ 

Compared to the Dirac-formalism’s expression, the latter is much simpler as 
there are no gamma matrices to worry about. The scalarisation in itself is the 
same, but equations (7.43[7.44) are calculated almost straightforwardly using as 


before = D. 


7.4 Fermion self-energy 


We compute now the fermion self energy at one-loop order (Fig, 7.2). We are 
mainly interested in extracting the counterterms corresponding to the mass op¬ 
erator and the fermion wave function. We have: 


— i{p^ -I- 171^)62 — iSr, 


(7.50) 


With the renormalisation conditions: 


Leading to: 


,0 n , 5E 

E(p +m =0) =0, ^ 


= 0 








(7.51) 


(7.52) 


Figure 7.2: Fermion self-energy diagrams at one loop 


Let us then compute these quantities. The tadpole diagram vanishes in dimen¬ 
sional regularisation due to the photon being massless. We use a non-zero photon 

^Recall that —>■ —® cab 
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mass to regularise the infrared divergence of the remaining diagram, we then have: 

d^q {m? — p^) — 


(27r)^(g2+m2)((g + p)2+^2) 

K-/) I 1 


with 


= lim 2e ieAB 


0 J {27r)D {£% + A)2 
E 1 


d^i 


{2n)^ {£% + w?) 


A = p^x{l — x) + (1 — x)rn? + xrni 


(7.53) 


(7.54) 


and we used 


{q + pY 


d^q 


—m 


J {2e)^ q‘^{{q + p)"^ + m'^) J {2 e)^ q'^{{q + pY + m'^) 

Now, the second integral is straightforwardly evaluated and yields: 

'2 


a 


m 


- 7 + logdTT - log ^ + 1 


2n 




(7.55) 


(7.56) 


where /r is a UV cutoff scale. The hrst integral is less trivial because of the 
integration over the Feynman parameter x: 

i^AB ^ 0 - 7 + log {wY log 

As we previously said, we are interested in the counterterms. The hrst renormal¬ 
isation condition is then given by the value of the self-energy on-shell. In that 
case we have: 


[ dx log A(p^ -I- = 0) = —2 -I- log 

Jo 


m 




(7.58) 


So that: 


a „ 2^2 


m 


dm = - 7 -h log dvr - log — -h 5/3 


(7.59) 


27r y e 

where we removed the spinor metric eBA from the dehnition. The remaining 
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counterterm is given by the derivative of the self-energy set on-shell: 




—% 


dp^ 


p^+m^=0 


a [2 , ^ 

= - - 7 + logdTT - log — - log ^ + 1 

/TT ye /i^ 


(7.60) 


So that: 


e « / 2 , ^ 1 . 

^2 = - - 7 + logdTT - log — - log ^ + 1 

/TT ye /r"' , 


(7.61) 


These are the usual counterterms obtained in the hrst-order formalism. We will 
not cover the analysis of their UV and IR divergences in this thesis, which is a 
typical exercise to be found in any QFT textbook. 


7.5 Three-valent vertex renormalisation 

We will now give the UV divergent part of the one-loop correction to the three 
valent vertex. 





Figure 7.3: Three-valent vertex renormalisation at one loop 


There are three diagrams (Fig.7.3), whose amplitudes are given (resp.) by: 


8e^/ ^:^DF{ki-q)DF{k2 + q)D^{q) 


{kiBN'k2^ c) (^1 — k2 — 2q)^ ^ 


-h (k 2 -h q) (ki — q)]y/ji ~ ckiB (k 2 -hq)jY'A 


(ki — qY {k 2 ^ c^BA — (^2 + q)"^ a^bc) 
(^2 + qY B^CA + (^1 — qY A^BC^ 


(7.62) 
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4e'^ 


d^q 


Dpih - q)D^{q) 


b^ca — {ki — q)^ c^BA 


(7.63) 


4e^ 


dS 

(27r)^ 


DF{k 2 + q)D^{q) 


k2^ C^BA — (^2 + Q)^ B^CA 


(7.64) 


where Dp^p) = l/(p^ + m^) and D^{p) = 1/p^. We now only keep the UV 
divergent pieces as we are concerned by the (in dimensional regularisation) 1/e 
part of the counterterm needed to renormalise the 3-vertex: 

k 2 )ABC^' =8e^ I -0aDFik^ - q)Dp{k 2 + q)D,{q) 


X 


— d BQN'Ak2 C — Q ClN'Akl 


B 


+ ^{ki - qf{k2 - q)^'c(^BA + ]^{k2 + qf{ki + q)^' b(^ca 


(7.65) 


where V^^\ki, ^ 2 ) denotes the one loop contribution to the 3-vertex, and we have 
gathered all the terms under the same integral. We now use Feynman parameters, 


so that i = q — xki + yk 2 , A = xyq^ + (1 — zYm? and i^^B 
obtain (keeping only UV divergent pieces): 

d^^ e 


^ <^AB D 2 


D 


U to 


Vi^\ki, k 2 )ABC^' = lGe^ JdF J 


(27r)^ (£2 + A)3 


X 


ki B^CA 


1 + X 1 — X 
D~ 


, j A' f^ + y ^-y\ 1 A' (i-x X 

+ *:2 - p-)ki 


+ ^ 2 '^ B^CA ( 


1 -y _ y 

D 2 


(7.66) 


where / DF = f dxdydz5{x + y + z — 1). Using 




{&■ F A)3 (47r)2 


-|- 0{1), as e —)■ 0 


(7.67) 
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We are left with the straightforward Feynman parameters integrations: 

'1 + X 1 — 1 


DF 


DF 


1 — X X 


= 0 


(7.68) 

(7.69) 


a 


So that we obtain: 

V3^^(fci, k2)ABC^ = 2 ei [ki^ b^ca + ^20 x 
= Vz{ki,k 2 )ABC^' X (1 loop) 
Finally, the renormalised vertex is: 

V^(fcl, k 2 ) = V3(fcl, k 2 ) (1 + (1 loop) + hi) 


(7.70) 


(7.71) 


where hi is the vertex connterterm. Using hi = — (1 loop)|Qj^_gj^g[[, we obtain: 

■5. = - {^) (0 + 0(1) ~ (7.72) 

In order to check the eqnality of the connterterms, we wonld have had to calcnlate 
accnrately the finite parts contribntion of the integrals. We refer the reader 


to 39 


We now move on to calcnlations and properties in/of the second-order formalism 
that are not straightforwardly eqnivalent to its first-order connterpart. 
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Anomalies 


8.1 Introduction 

We will see how the anomaly can be calculated in pertubation theory using Feyn¬ 
man diagrams, and then how its non-perturbative nature can be demonstrated 
using a path-integral derivation. In both cases, we review hrst how the anomaly 
is computed in the usual Dirac formalism and thereafter study its construction 
in a theory with second-order fermions. 


8.2 Fermion number anomaly in perturbation 
theory 

8.2.1 First-order perturbative calculation 

The anomaly can be computed in perturbation theory by means of Feynman 
diagrams. Indeed, one shows that the divergence of the current has a non-zero 
matrix element to create two photons: 

(P)|0) = ^ 2 ) 

{ki,k2\p-j{p)\0) ^0 (8.1) 


We briefly translate the two-component anomaly calculation of 29 into our no- 
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tation. The Feynman rnles are as follows: 


(0|AA'(p)Aij(-p)|0) 

V3(g,P, k) 


p2 _j_ ^2 

iV2e ^ 6 a ^ 


( 8 . 2 ) 


Taking into acconnt the two orientations for the triangle diagram (Fig. 8.1), and 
denoting the incoming photons by spinor indices {AA'), {BB'), [CC') and their 
massless momenta ki, k 2 , k^: 




Q^'ciq - k 2 )^'siq + k3)^'A 




c 


(27r^4 

q^'niq - k2)^'A{q + c 


X 


(g - k2Yq^{q + k^^ 

(8.3) 


From here, one can show that the amplitnde is shift dependent (g —t g + a) and 
that the divergence of the amplitnde with respect to the cnrrents is given by: 


iki ■ iA4^^\k2, k^; c) = 
ik 2 ■ iM^^\k 2 , fcs; c) = 
iks ■ iM^^\k 2 , fcs; c) = 

where we have nsed = c(/c 2 — k^)^. 


H 



(8.4) 

ip^ 

-^(1 + c )£»“'“'’«: 2 > 3;5 

(8.5) 

-^(1 + c )£»“'“'’«: 2 „*: 3 s 

(8.6) 




Fignre 8.1: First-order Feynman diagrams for the fermion nnmber anomaly in 
Weyl theory. 
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8.2.2 Second-order Lagrangian 

We will now carry out the calculation for a Weyl fermion in a second-order for¬ 
malism. The Lagrangian in this case is given by: 

C = -Da'^\aD^'^\b - (8.7) 

This should be supplemented with the reality conditions: 

mX^^' = —i\/2D^'^\A ( 8 . 8 ) 

The held equations that result from the above Lagrangian are 

2Da'^D^'^Xb + = 0 (8.9) 

In what follows we will consider only Weyl theory, which amounts to setting the 
mass to zero in the above equations. We see that the Lagrangian is not invariant 
under the usual 77(1) transformations 

5\ = -fieaA (8.10) 

However, the held equations and the reality condition are. Furthermore, the 
current given by: 

= ie (XaD^'^Xb - D^'^XbXa) = 2ieXAD^'^XB ( 8 . 11 ) 

is conserved on-shell: 


Da '^ Ja ^'=0 ( 8 . 12 ) 

In order to see if the transformations are a symmetry of the theory, we need 
to check the above equation in the quantum theory. We will therefore compute 
pertubatively the anomaly corresponding to 77(1) transformations. As we have 
seen, the current conservation equation is anomalous in the presence of only one 
Weyl fermion. However, the anomaly should cancel out if several Weyl fermions 
are present and their charges sum up to zero. 
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8.2.3 Perturbative calculation in the second-order formal¬ 
ism 


In order to proceed, we need Feynman rules to compute the diagrams (5.3) that 
we recall here (all incoming, and where the order of the helds in the vertices is 
iff and 77//): 


(0|Aa(p)Ab(-p)|0) = J Cab (8.13) 

V3(g,P, k) = 2ie{pB^'ecA - kc"^'esA) (8.14) 

Vi{qi,q2,P,k) = 2ie^ e^'^'eAB^cD (8.15) 


With these rules, we give the amplitude for the process where we denote the 
incoming photons by spinor indices {AA'), {BB'), (CC) and they are labelled 
by their massless momenta ki, k 2 , k^. We split the amplitude into different 
contributions: 


iM{k 2 , ks] s) = 8e^ 


d\ I + J A 

J27r^ [D{-k2)D{k^)D{0) + D{-k2)D{k^) 

B C 

^ D{-k2)D{0) ^ D{0)D{k3) 


(8.16) 



Figure 8.2: Second-order Feynman diagrams for the fermion number anomaly in 
Weyl theory. There is only one triangle diagram, however, the quartic vertex now 
also contributes. 


where D{k) = (g^ -|- k^ and we allowed the amplitude to depend on a shifted loop 
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momentum Qs ■= q + s, and where X+J are contributions from the diagram made 
of cubic vertices only and A, B, C are contributions from the diagrams with a 
quartic vertex (Fig j8.2[ ). For sake of clarity, we omitted the external indices on all 
the integrands and on the full amplitude A4 C'{k 2 ,k 3 -, s) = Ai{k 2 ,k 3 ] s). 

Let us now make explicit the different terms. First of all: 


X = qfciq. 


cyqs 


k^A' 


B 


(<?s + ks 


q^' B{qs 


k2)^' A{,qs + k^''^' 


c 


(8.17) 


They correspond to iAi^^\k 2 ., k^) in (8.3). In our case, the triangle diagram yields 
an extra contribution: 


J —^ {^AB^qs + ks)^ c + ^Aciqs — ^ 2 )^ b ) 

+ ^{qs + k^fe^'^' (eABqf c + €.cB{qs - k2 )^'a) 
+ ]:{qs- k2f€^'^' (^-eAcqf B - eBc{qs + k^)^' 


(8.18) 


These terms arise from the contractions of momenta by propagators as it was the 
case when we computed the photon two-point function. They are expected to 
cancel out with terms arising from the quartic vertex, let us then look at these: 

A = ^e^'^'eBc{k2 + k3)^' a 

(8.19) 

B = -\e^'^'eAck2^'B 

(8.20) 

C = eABk3^' c 

(8.21) 


We can combine these four terms in the following way: in the J term, one can 
cancel one propagator and add to A, B 01 C the correct term in terms of scalar 
propagators remaining uncancelled. We have: 

A = -e'® ^ ^-eBc(^2 + ^ 3 )^ A + ^AB{qs + ks)^ c + ^Ac{qs — ^ 2 )^ (8.22) 

B = -e^ ^ (y—-^^Ack2^ B + ^ABqs c + ^CB{qs — ^ 2 )^ a^ (8.23) 

(^—-eABk3^C — ^ACq^B — ^Bc{qs + k3)^A^ (8.24) 

To summarise what we have done so far, the amplitude can be rewritten as: 


iM{k 2 ,k 3 A) =iM^^\k 2 ,k 3 A) + (Bubbles) (8.25) 
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where the bubbles are given by A, B or C. We want to show that the shift 
dependence of the integral allows us to reproduce the same result as in the hrst 
order case. We therefore compute the overall shift dependence of the amplitude 
(and by extension of the bubbles): 

i5sM. = iA4{k2, k^'i s) — iM(k 2 , k^) (8.26) 


Then, we have: 


idsM = Jhn J -^^qE'q^Iiq) 


(8.27) 


where q has been Wick rotated and /(g) is the whole integrand in (8.16). The 
only contribution comes from the order g^ part of the triangle diagrams, and from 
the order g in the bubbles. Hence: 


idsAi = Ae^isn/ hm / 

q^oo J 


D' 


dVti q^ 


{eABqc + ^Acqs) 


(27r)"‘ g2 

I A'C A -L ^ A- A'B' f ^ W' ^ 

+ e [^ABqc + ^CBqA J + ^ \~^ACqB ~ ^BCqA ) 


(8.28) 


+ 2 (qcQBQA - Qb QA Qc 


Using the usual replacements: 


-A ^ A'B' 

^A Qb 


(8.29) 


AAb'c'd' , Q (Ab' ^c'd' I AC' A'd' I A'^'c A'c' 

^A Qb Qc ^ U ^ ^ ^AD^ ^BC 


(8.30) 


we obtain 


id.M. = 


le 

Svr^ 


n 


n'A'B'c'^ ^ A'b' AC ^ ^ I A'C A 

e e ^A{BA)D — ^ e ^D{AA)B + e e ^D{A^B)C 


StiAo' 


^D'A' spB'C' I ^D'B' ^A'C' C spA'B' 

^ D A ' 2^ B C ~r 2^ D B ' 2-> c ~ 2-> c ' 2-> a B 


(8.31) 


(8.32) 
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where 


snD'A' snB'C — fsnEF\^'^' fsn \ 

^ da-^ bc=[^ \^ef) 


B'C 
EF)bC 


(8.33) 


and we have used the expression for the self-dual two-forms in spinorial notation: 

1' d'N 




(8.34) 


We can now replace the pairs of spinor indices by their Minkowski correspondence: 


le 




^/3/t -j- 


27r2 




(8.35) 

(8.36) 


where we usecE] 




(8.37) 


The dependence of the shift is on the momenta ^ 2 , ^ 3 - We consider a symmetric 
interchange of momenta and indices. We therefore write = 0(^2 “^ 3 )^ 4 ; so that: 


t6,M = - h)p 


(8.38) 


Because we already know how the hrst-order amplitude depends on the shift 
we can extract the shift dependence of the bubbles (it can also be read off the 
calculation as an intermediate step): 

p3 „3 o 3 

= i5sM - ( 8 - 39 ) 

where we denoted by A the contribution from the bubbles. Now, in order to 
conclude, we notice that one can explicitly compute the value of A(s = 0) (see 


^Using the self-dual propert ies o f the Ss, it is also possible to show that the quantity in 
square braquets (written as in (8.311) is equal to . 
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Appendix D.3 and [E|): 


iA(0) = 


^e 

IGtt^ 






(8.40) 


The contractions with the metric will vanish on-shell, we can therefore write: 


iA(0) = 


Svr^ 




(8.41) 


where the equality is valid on-shell. We can now dually write the expression for 
the anomaly in the second-order formalism. Since the expressions for the anomaly 


are given in the drst-order case by Eqs.(8.4 8.6), we dx the shift dependence of 
these to be Ci{k 2 — k^) and write: 


iM(c2) = iM^^^(c2) iA(c2) 

= + id2iM^^^ + iA(0) + id,,A 


(8.42) 


where iS2iA4^^^ is given by —^ 3 )/ 3 (c 2 —Ci). Therefore, the second-order 

amplitude at shift C 2 will be equal to the drst-order amplitude at shift Ci when 


0 


i 62 iM^^^ + iA(0) -|- 


__ 

87r2 


(k2 


h)i3 



(8.43) 


In the end, the anomalies are equal in both formalisms, when the shifts are related 
by: 


4c 2 = Cl 1 


(8.44) 


This means that there is always a shift C 2 so that the anomaly is given by Eqs.(8.4- 


8.6). In the appendix, we compute explicitly the anomaly in the second-order 
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formalism. There we obtain: 


. 3 

iki ■ iM{k2, fcs; Cg) = “^(1 “ (8-45) 

ik2 ■ iM{k2, ks] C 2 ) = - —(2c2)e'"'“^fc2i./^3/3 (8.46) 

iks ■ iM{k2, ks] C 2 ) = - —(2c2)e'"'“^fc2afc3/3 (8.47) 


One readily sees that using (8.44), one obtains exactly Eqs.(8.4 8.6), hence prov¬ 
ing the result consistent. 


8.2.4 Generalisation to N Weyl fermions 

The result generalises easily to the case in which we are dealing with N Weyl 
spinors with charges eQi. Choosing C 2 = 1/6 (symmetric in all channels), the 
anomaly is given by: 

ik, ■ iM{k2, k,- 1/6) = -TT{Q\)—e^''^Pk2,k,p (8.48) 

So that the theory is anomaly-free if, for example, we are dealing with a Dirac 
fermion for which there are two Weyl spinors of opposite charge. The condition 
for an anomaly-free theory reads: 


Tr(<3D = 0 


(8.49) 


It also generalises to the case of the axial anomaly in Electrodynamics. Indeed, 
the axial current arises from what can be seen as two equally charged Weyl 
fermions, whereas the vector current is constructed out of two oppositely charged 
spinors: 


jaA = -^IXaD^'^Xb - 2iXAD^'^XB, 


= 2ieXAD'^'^XB - 2iexAD^'^XB 

(8.50) 


So that defining: 


Qa — 





(8.51) 


The anomaly of the axial current (where the vector currents are gauge and there- 
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fore C 2 = 0 above) is given bj|^ 


tkA • iM{k^, k,- 0) = = -^e^^^^k2,ks^ (8.52) 


'2fj,l^3l3 — 


Which leads to 



where there is a factor of 1/2 for each antisymmetrisation and an extra factor 
of 1/2 for the 2 different contractions of the operator on the final bosonic state. 
This is the same result as we obtained above in the case of Dirac QED. 

8.3 Path-integral methods 

We now follow a non-perturbative approach to the calculation of the anomaly. In 
order to do so, we hrst look at the chiral anomaly in Dirac theory and then we will 
see how the fermion number anomaly can also be constructed similarly. The first 
three subsections are a review of the calculation that is usually carried out using 
non-perturbative methods. We then repeat the calculation using two-component 
spinors in both first- and second-order formalisms. 

8.3.1 First-order Dirac Lagrangian and chiral symmetry 

We work with the Dirac Lagrangian coupled to Electrodynamics in 3 -|- 1 dimen¬ 
sions with metric = (—, +, +, -|-). We have: 


= (^ + ie4)'^ 


(8.54) 


with Ip = and we have: 


{ 7 ^, 7 ''} = (y'")^ = 7V7°, 75 = *7°7SV, ( 75 )^ = 75 (8.55) 


The Lagrangian has the usual U{1) gauge symmetry: 


T ^ ^ A^ + d^a 


(8.56) 


^There is an extra minus sign coming from the fact both photons are now outgoing, so that 
kA = k2 + ks. 
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If the Dirac fermion were massless, the above Lagrangian would be invariant 
under an additional global symmetry: 

^ ^ (8.57) 

which is the so-called axial symmetry. The respective currents are: 


f = (8.58) 

Using the equations of motion we have: 

d/^j^ = 0, = -2miT75T (8.59) 

Therefore, we see that, at the classical level, the gauge current is conserved and 
the axial current is also conserved if the fermions are massless. As we have seen, 
anomalies arise when the classical conservation of a current is broken by quantum 
corrections. For gauge theories involving Dirac fermions, the gauge symmetry is 
never anomalous, however we will see that the axial symmetry is. 


8.3.2 Euclidean path integral and chiral Jacobian 


We describe here the method developed by Fujikawa 41 to compute the anomaly 


due to the chiral transformations. We continue analytically our quantities into 
Euclidean space such that 84 ^ = —ido, 7 "^ = * 7 ° and A 4 = iA^. We now 

have: 


= -25^^, ( 7 ^)^ = -y'", 75 = - 7 ^ 7 V 7 ^ (Ts)^ = 75 (8.60) 


_ 


The Euclidean path integral of the Dirac action becomes: 

DT'DT exp 

where 7^ is a Hermitian operator. In order to analyse the Jacobian for the chiral 
transformation, we expand the Dirac helds into a basis of eigenfunctions of the 


dAx^iilp -|- m)4/ 


( 8 . 61 ) 
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latter: 


n n 

=J2'^n‘fi{x) =J2bn{n\x) 


(8.62) 

(8.63) 


with: 


$(Pn{x) = \n(Pn{x), 

(fx(p\^{x)(pm{x) = 5nm 


(8.64) 

(8.65) 


This basis formally diagonalises the Dirac action: 


N _ 

d^x'^i^ilp + = lim ^(iA„ + m)6„a„, 

N^OO 

n=l 


( 8 . 66 ) 


where the sum runs over the non-vanishing eigenvalues. Similarly, the measure 
transforms into: 


N 


= [det(n|a;)det(a;|n)] ^ lim TT dbnda 

N—>-oo 


= ( det / d'^x{n\x){x\m)] lim J([ 

'' ^°°n=l 

N 


n=l 

-1 N 


= (det^nm) ^ lim TT dbnda 

N^oo 


n=l 


N 


= lim TT dbndttr, 

N^OO 

n=l 


(8.67) 


We can use this dehnition of the path integral measure to carry out our calcu¬ 
lations. Let us start by considering the Jacobian for a local inhnitesimal chiral 
transformation: 

T(a;) ^ T'(a;) = = (1 + i0(a;)75)T(a;), (8.68) 

T(a;) ^ T'(a;) = = T(a;)(l + i0(a;)75) (8.69) 


In order to see how the coefficients transform, we expand the helds in the above 
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equation in terms of the eigenfunctions: 

=Y.^'nVn{,x) 

n 


= ^(1 + ie{x)-^^)an‘{>n{x) 

n 


(8.70) 


So that 


«n = ^{^nm + i / d‘^X(pi{x)6{x)'y5(prn{x))ar 


(8.71) 


and similarly: 


b'n = T.US mn + i j d‘^xif''^{x)e{x)^^ifn{,x)) (8.72) 


From these expressions, we obtain that the measure transforms as (keeping N 
hnite as a mode cut-off): 


N 


J([ db'^da^ = det 


n=l 


X det 


dmn + i / d'^x(pl^{x)9{x)'y5(pn{x) Jl dbn 

'' -I n=l 

5nm + i d‘^x(pl{x)9{x)'y5ipm{x) Yldttn 

-I n=l 


(8.73) 


Using the relation for an inhnitesimal matrix 6 M: 


det(l -I- 6 M) = exptr ln(l -|- 6 M) = exptrdM (8.74) 


we have: 


N 


n db'^da'^ = exp 


n=l 


N 


-2i / d^x(pl{x)9{x)'y5(pnix) 


n=l ' 


N 


J([ dbndttn (8.75) 


n=l 


We want to replace the mode cut-off {N —)■ cx)) by a cut-off in terms of eigenvalues. 
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This proceeds as follows: 

N 

H / d^Xipi{x)9{x)^5ipn{x) 


n=l ' 


= , 1 ™ £ / d^wUxW{xh5J^{Xl/M‘^)(pn{x) 

M^oo J 
n=\ 

oo „ 

= ,1™ II / c^^a;v3|,(a;)^(a;)75-^(^V^^)9?n(a:) 

M^co ^ 


n=l ' 


= lim Tr0(a:)75J^(^7M2 

M—>oc 


(8.76) 


where J^(x) is an arbitrary smooth regulator that rapidly approaches 0 as x —)■ cx) 
and -T(0) = 1. For the choice J^{x) = e~^, we obtain results related to the heat- 
kernel or C-function regularisation. In terms of the regulator, the Jacobian for 
the chiral transformations is given by: 


J = exp 


-2i lim TT9{x)-f5J^{l/) /M^ 

M^OO 


= exp 


i / d'^x9{x)A{x) 


(8.77) 


where the function A{x) is the anomaly. 

The anomaly produces, here in a quantum regime, the same modification of theory 
at the level of the action as would a Lagrangian that is not classically invariant 
but is instead shifted by the same anomaly function when performing an axial 
transformation of its content. Thereby, when we use an effective Lagrangian 
with the fermions integrated out (be. when their path-integral has been solved), 
one should add to the Lagrangian a term transforming accordingly to take into 
account the anomaly: 


Ceff —)• -^e// + 9(x)A{x) 


(8.78) 


This is, for example, what happens in the effective theory description of the pions. 
Before proceeding with the computation of the anomaly, let us come back to our 


conservations laws (8.59). An infinitesimal axial transformation will change the 


partition function of the theory as: 


5e{Z) ^ 


i / d^x{9{x)A{x) + j^df,9{x)) 


:,-Se 


(8.79) 


And therefore we have the anomalous conservation of the axial current: 


70'5 ) = 


(8.80) 
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Notice that this equation does not depend on any loop-expansion or perturba¬ 
tive dehnition. It is therefore clearly a consequence that depends on the non- 
perturbative aspects of the theory. 


8.3.3 Heat-kernel regularisation 


We now explicitly calculate the anomaly using a decreasing exponential as regu¬ 
lator. We then have: 


A{x) 


lim — 2 tr 
lim — 2 tr 


. n ^ 


( 8 . 81 ) 


Fujikawa’s method proceeds now as follows: as the eigenfunctions of the Dirac 
operator also satisfy the Klein-Gordon equation, they admit a plane-wave decom¬ 
position; then expand the Dirac operator such as to obtain: 

0^ = -D‘^ + E, D^ = d^ + ieA^, E = iea^''F^y ( 8 . 82 ) 


with \ [ 7 ^, 7 i,] (this convention is different from the one usually used, but 

will become clear later on). We then have: 


,, , ^ f (Ak 

Aix) = hm —2 / 7 —-rtr 

^ ’ M^^oo J {2 tiY 

, f cAk 

= lim —2 / -—--tr 

M '^^00 J (27r)"^ 




( 8 . 83 ) 


756 


{{D+ik)^-E)/M‘^ 


We now rescale the momentum by a factor of M such that k 1 —)■ Mk. Then, 
in the limit where M goes to inhnity, one can Taylor expand the exponential 
around k'^ and the only terms that will contribute will be of order 0 {M~'^) or 
less. Moreover, since we are tracing the matrices in the exponent with 75 , only 
traces involving at least four extra gamma matrices will be non-vanishing. This 
leaves us with one single term: 


A{x) 



d^k _^2 


tr 


75^2 


( 8 . 84 ) 
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Using that, in Enclidean signatnre 


tr 


75 








(8.85) 


with = +1. We have finally: 

A{x) = ( 8 . 86 ) 

To obtain the anomaly in Minkowski space, we need to analytically continne each 
step of the derivation. This will bring np a factor of i from the Wick rotation of 
the momentnm integral, a second factor of i from the trace of the gamma matrices 
and a minns sign for changing the orientation to = +1. In the end, the axial 
anomaly is given by: 

Am{x) = (8.87) 


where we denoted by a snbscript “M” the anomaly continned to Minkowski space¬ 


time. Let ns now shortly come back to (8.81). Since 75 anticommntes with the 


Dirac operator, for each eigenfnnction ip^ with eigenvalne A„ 7 ^ 0, there will be an 
eigenfnnction ip^n with eigenvalne —Xn given by p-n = 'ydPn- Since these eigen- 
fnnctions have different eigenvalnes, they are orthonormal. In particnlar they can 
not be eigenfnnctions of 75 becanse of the relation p_n = 'y^Pn- Nevertheless, it 
is possible to decompose them snch that: 


= 2(1 ±75)(dn, 


757 ^^ 


= iT'n, 


^ 


2 ,„± 

n^n 


( 8 . 88 ) 


Then, both p^ and p~ will appear in the snm with the same exponential prefactor 
bnt with different chirality eigenvalnes, thus cancelling in the sum. What remains 
are the eigenfunctions of the Dirac operator with null eigenvalue. In this case, 
since both p^ and 75930 live in the same eigensubspace we can diagonalise 75 in 
the latter such that: 


dsVjf = (8.89) 

Notice however that for A = 0, eigenfunctions of opposite chirality do not nec¬ 
essarily come in pairs (indeed for a general Lagrangian, we could have several 
left-handed Weyl fermions and no right-handed partner). If n± counts the num- 
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her of eingenfunctions with positive/negative eigenvalues respectively, we have: 


Aix) = lim — 2 tr 

M‘^^00 


E 






= -21 - E(v’i )V* 

ii=l i=l 


(8.90) 

(8.91) 


And therefore: 


J d‘^xA{x) = — 2 (n^ — n ) = —2 index(. 0 ) 


(8.92) 


This is an example of the Atiyah-Singer index theorem, the anomaly is propor¬ 
tional to the index of the Dirac operator. 


Last but not least, we give here a similar way to compute the anomaly. Recall: 


A(x) = lim — 2 tr 

)-CxD 


75e 


-lA IM"^ 


(8.93) 


Now, this quantity can be related to the heat kernel coefficients of the effective 
action derived from the Dirac Lagrangian, (42): 


Tr 


/e 


-tiA 




(8.94) 


A:>0 


where the trace denotes also the integration over the Euclidean space. By making 
the replacement 1 /M^ —)■ f, we have: 


d'^xA(x) = lim — 2 Tr 

^ ^ t-5-O 


756 




— ai?(—275, Ij) ) 


(8.95) 


In four dimensions, we have: 


a4(/,^') = ^Tr 


(47r)^ 


/■ 


D^E 

+ — + 

2 


6 


12 


(8.96) 


where VLnv = ieE^v here. So that, keeping only the non-vanishing trace: 


J d'^xAix) = 


(4vr) 


rTr 


-275 


E^ 


IGtt^ 


I d^x (8.97) 


This way of computing the anomaly will turn out to be useful when dealing with 
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two component spinors. 


8.3.4 First-order Lagrangian and symmetries 

We now show briefly how the calculation proceeds when dealing with two-component 
spinors. The Dirac Lagrangian is: 

Cd = ix^Dx + - m{x^ + 

= aX^ + Da'"^^a - m{x^U + x\'i^^') 

The electromagnetic U{1) transformations are given by 


6 ^ = +iea^, 6x = -ieax 

= {d^'^ - ieA^'^)U D^'\a = {d^'^ + ieA^'^)xA 


(8.99) 

( 8 . 100 ) 


and we have 



On the other hand, chiral transformations are given by 

5^ = -ia^^ 6x = -tax 

We recall the Dirac equations for the four spinor^ 

iD^ = —mx\ iD'^X^ = 
iDx = rn^\ 


( 8 . 101 ) 


( 8 . 102 ) 


(8.103) 

(8.104) 


Using the Euclidean conjugation defined in the Appendix 
gauge-covariant, self-adjoint operators that we can define: 




there are four 


D^D = -2{d - ieA)A^'{d - ieA)A'^, D^D = -2(d + ieA)^A'{d - 1 - ieA )^'b 
DD^ = -2{d - ieA)A'^id - ieA)A^\ DD^ = -2{d + ieA)^'A{d + ieA)^B' 

(8.105) 

^Recall that the adjoint of a differential operator is defined through integration by parts and 
complex conjugation. 
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They are self-adjoint in the sense that, e.g.: 


{Xi\D^DX2 ) = / d'^xXiD^DX2 = / d^x{DWXi)X2 = {D^DXi\X2) (8.106) 


Where we used integration by parts and the antilinearity of the conjugation. We 
then dehne four complete orthonormal basis of eigenfunctions: 


D^'DcpLnix) = Xl4>Ln{x), DD''(j)Rn{x) = Xl4>Rn{x) 
DWipLn{x) = ulipLnix), DD^^lfRnix) = K,lipRn{x) 

The relation between the eigenfunctions is chosen to be: 

D(t)Ln{x) = Xn(t)Rn{x), D(pLn{x) = Kn<PRn{x) 


(8.107) 


(8.108) 


with Xn, Kn > 0 for Xn, K,n 7^ 0, SO that and DD"' (as well as the other pair) 
share the same number of non-vanishing eigenvalues. We can also normalise the 
functions so that 0 ~ <^9 and = A„. We then expand our helds as 


4 j 


^( 2 ^) = an(j)Ln{x), Xix) = Y ^n^Ln^x) 

n n 

^^a:) =Y^n^Rni.x)^ X\x) = Y^n^Rnix) 


(8.109) 


As before, we can compute the Jacobian for the transformation of the measure: 

[ ^ r 

/ d^xa{x) (J)Ln{x) 4 >Ln{x) + 0 Ln{x)(pLn{x) 


N _ r N 

db'^dd'^db'^da'^ = exp 

n=l 


n=l ' 


^Rn{x)(j)Rn{x) - (pRn{x)ipRn{x] 


N 


J)[ dbndandbndttr, 


n=l 


( 8 . 110 ) 


Using as before the appropriate regulator for each sum over modes, we have for 


can be decomposed in the dual basis of eigenfuntions of DD^ as the terms 
J {x)DD^(1 >r{x) are then SU{2) invariant and we still have / {x)DD^(jjR^x) = 

f d‘^x(DD'^^'^(x))(/)R(x) d'^x{DD^^R{x))(j)Rn{x) ~ I] / d*x{DD'^(j)R{x))(j)R{x). 

^Note that we could also have expanded ~ X) as they are eigenfunc¬ 

tions of the corresponding operators. Similarly for the unprimed spinors, we could have chosen 
the basis corresponding to the dual of the basis of their operator integrated by parts: ^ ~ X) 
and X ~ 
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the anomaly: 

A{x) = lim (+tr 

A/f^ —Von ^ 


21 r^-ntD/M2 


+ tr 


— tr 




— tr 


^-DDyu'^ 


( 8 . 111 ) 


where the operators have been appropriately continued to Euclidean space as 
before. We then rewrite our operators as: 


D^D = -D^ DD^ = -D^ 


fll/ 


( 8 . 112 ) 


D^D = -D‘^-E, DD^ = -D‘^-E 


(8.113) 


where S and S can be identihed as the’t Hooft symbols once properly rescaled 
(in Minkowski spacetime they also correspond to the basis of self-dual and anti- 
self-dual two forms). We then have: 


J d^xA{x) = 


(dvr) 


Tr 




+2 ■ — + 


12 


-h Tr 


2 0 ^' 
V 2 ^ 12 


(8.114) 


Using (in Euclidean signature): 




(8.115) 

(8.116) 


and: 


O — ~\-')pT^ O = 




We obtain hnally: 


2 

I d^xA{x) = I d^x 




(8.117) 


(8.118) 


which is the same result as (8.97), as expected 
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8.3.5 Axial anomaly in the second-order formalism 


We now proceed with the same calculation, but in the second-order formalism. 
Recall that the Lagrangian for Dirac fermions in the second-order formalism is 
given by: 


^ ^ ^ ^ (8.119) 

=-2(D^ - mVa. 

This should be supplemented with the reality conditions: 

( 8 . 120 ) 


Noticing that D integrated by parts gives , the held equations that result from 
the above Lagrangian are 

{D^ D — m^)^ = 0, {p^D — rn?)x = 0. (8.121) 

We see that the Lagrangian is invariant under the usual U{1) transformations 

6^ = +iea^, 6x = —ieax, = Baa'C^- ( 8 . 122 ) 

However, the Lagrangian is explicitly not invariant under the (local or global) 
chiral transformations 


^chiral^ ^chiral\ (8.123) 


that act on both spinor helds in the same way. Note that the electromagnetic 
potential is not transformed. We have: 


SchiraiC = -2ia{x)C f^d^a{x), (8.124) 


wher43 


:= V2i {{e^xfDi + (Dx)^(n)) • (8.125) 


^Recall D = 
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This expression should be compared to the usual U{1) current 

r = V2ze - {Dxfm)) (8-126) 

At the classical level, using the equations of motion, the gauge current is conserved 
= 0, whereas the axial current is not: 

= -2i C. (8.127) 


In the massless limit the field equations (8.121) are invariant 
chiral transformations. So are the reality conditions (8.120). 


right-hand-side of (8.127) becomes 


under the global 
In this limit the 


= 2tiDxfiD0, 


(8.128) 


which vanishes on the surface of the reality conditions (8.120). It is only in this 
sense that the massless theory is invariant under the chiral transformations. 


To see what becomes of the axial current conservation in the quantum theory, let 
us consider the effect of the local chiral transformation on the path integral. We 
have: 


Z 




d^x [C + a{x) - 2iC - , 


(8.129) 


where is the coming from non-invariance of the (chiral half of the) inte¬ 

gration measure. We thus see that the usual quantum non-conservation of the 
axial current is replaced in our case by: 


5^(4) = - 2*(^) = (8.130) 


where we have introduced the notation Am for the full anomaly. We will proceed 
as before to compute the anomaly. We have the same four complete basis of 
eigenfunctions: 


D''D(l)Ln{x) = Xl(j)Ln{x), D (j)Rri{x) = A^0ij„(a;) 

&DipLn{x) = \\ipLn{x), DD'^ipRnix) = \l^pRn{x) 


(8.131) 
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with the relation between the eigenfunctions: 

-O0Ln(2^) (8.132) 

Together with the equations of motion, that we recall; 

{D^D - = 0, {DW -m‘^)x = 0. (8.133) 


and the reality conditions: 

= KDx)^: mx^ = 


(8.134) 


We expand our helds as follows: 

«n0in(a:), x{.x) = bn^Lnix) 

n n 


(8.135) 


where the hat denotes the dual basis and we have the relation: 

D^Ln{x) = Xn^Rn{x) (8.136) 


This formally diagonalises the Lagrangian: 


/ 


ct^xC 


'y ) bn^nX^ 


An 7^0 


(8.137) 


Now, for the anomaly, we can calculate the change in the measure as we have pre¬ 
viously done, expanding the chiral transformations on the basis of eigenfunctions 
and extracting the transformation of the coefficients, we obtain in the end: 


N 


J([ db'^da^ = exp 


n=0 


2i 


N 

E 

n=0 ' 


d^Xa{x) ULn{x)(l)Ln{x) 


N 


J([ dbndttn 


(8.138) 


n=l 


Similarly, it is straightforward to extract the contribution coming from the La- 
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grangian, since it is proportional to the latter and is given 


. N r N 

dhyidcin ( 2 ^ 0 ) ^ ^ bYiCtn^n 

n=0 AnT^O 

. N r N 

n=0 ^ An/0 



N 

exp 

^ ) bn(^n^ri 

-* 

_A„7^0 


N 

exp 

^ ) bn(^n^ri 

-* 

Xn^O 


(8.139) 


We have to carefully think about the sum over modes that we have on the RHS. 
If we put together the variation of the measure and the contribution coming from 
the Lagrangian, we have: 


sz 


N 


( ^ 

N \ . 


N 

dbjidctfi 

{2ia) 

L- 


exp 

^ ^ bn^^n^n 

n=0 


\n=0 

X„^0/ 


_An7^0 


N 



N 

dbyidcLfi 

{2ia)'n!l 

exp 

^ ^ bn^n^n 

n=0 



An 7^0 


(8.140) 


where is the number of zero modes of the unprimed quadratic operator. This 
is a piece of the Atiyah-Singer index theorem which states (we recall): 

J d‘^xA{x) = 2(n° — n^j.) = 2(dimkerZl — dimkerUA = 2ind D (8.141) 


It seems that we are missing the bit coming from dimker Hh To understand what 
happens, we must go back to the hrst-order formulation in terms of grassmann 
coefficients. Recall the Lagrangian: 

= ixHDxT + - m{x^ + x^^^) (8.142) 


with the expansion in modes 


^( 3 ^) = an0Lnix), xi^) = bn^Ln{,x) 

n n 

dn^Rnix), X\x) = ^ K(pRn{.x) 


(8.143) 


^Intuitively, in the LHS, only the (A^ — 1)*^ term of the Taylor expansion of the exponential 
contributes to the integral, while in the RHS, we used the prefactor as the term, and then, 
after an N/N normalisation, we rewrote the whole as an exponential, thereby leaving the sum 
over modes. 
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The Lagrangian is then: 


d^xC = ^ 






m 


E« + E^^ 


°a? 


. Z =1 


Z =1 


(8.144) 


where the hrst terms in square brackets only contain non-zero modes and the 
last two terms sum over left and right handed zero modes. The path-integral 
formulation is then given by exponentiating the above Lagrangian and integrating 
on the measure: 

dbndan dh\ ... db^o dd^ ... dd^o db\ ... db^o da? ... da^o 

I R R L L 

(8.145) 

where Iln^o simply reminds us that this part of the measure does not contain 
any zero-mode. We can then derive the equations of motion for the grassmann 
coefficients: 



iXndn — TTlbni — T^Oini 7 ^ 0 


mb'! = 0, ma^ = 0, i = 1,... ,n! 


R 


(8.146) 

(8.147) 


We see that for massive fermions, the zero-modes are constrained to vanish. We 
must however recall that once we solve for the “primed” spinors, we will be inter¬ 
ested in the massless limit, leaving therefore these zero-modes unconstrained. We 


can nevertheless integrate out the ‘massive modes’ using (8.146) so that to obtain 


our new second-order Lagrangian (after an appropriate rescaling and dropping 
an overall constant from the path-integral): 


n' 


d^xC = - 


An^O 


n 


2=1 2=1 


Xt+m^]b^an-m^ ( > ( 


(8.148) 


We can then consider the massless limit we are interested in: 


d^xC = - Xlbndr, 
An70 


(8.149) 


If we rewrite the Lagrangian in terms of the spinor fields, this is indeed equivalent 
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to: 


C = -{bxf{Di) (8.150) 

We see that the zero-modes have disappeared from the Lagrangian. This can be 
understood as they automatically satisfy the massless reality condition ( |8.134[ ) 
by means of them being zero-modes. However, we did not integrate over them|^ 
they still are present in the measure, which is now given by: 

I TT dbndan ) dbi... db^o dd\ ... dd^o db\ ... db^o da\ ... da^o (8.151) 

Vn^O J R R L L 


This, in turn, implies that for the anomaly the change in the measure is not given 


by (8.138), but rather by: 


N _o -0 -0 -0 ^ 

db'^da'^db\ ... db'da'i... da'^o = dbndandb\ ... db^o dd^ ... dd^o 

n=l n=l 


X exp 


2ia 




(8.152) 


where for simplicity, we have again considered a constant phase a and denoted 
by unprimed spinor modes. All in all, if we gather the 

change in the measure, and the change in the Lagrangian, we obtain: 


„ N _ 



N 

/ n dbndan P db^dd^ 

2ia (nl - 

exp 

^ ^ bn^n^n 

n=0 i=l 



_Xn¥^0 


(8.153) 


Which leads to the usual 


J d‘^xA{x) = 2(?7,° — n^j) = 2(dimkerZl — dim her H^) = 2ind D (8.154) 


We therefore see that at the level of the path-integral, one has to be careful in 
calculating the anomaly. This problem does not arise when the latter is computed 
pertubatively since triangle diagrams “do not care” about the modes expansion 
and automatically take into account the contribution from both chiralities. 


^Another way to think about this is to remember that the path-integral of a theory whose 
quadratic operator contains zero-modes is singular. This is the case of the massless limit of 
Dirac theory, and to circumvent this singularity, the zero-modes can be left “unsolved”. 
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8.3.6 Fermion number anomaly in Weyl theory 

We now calculate the anomalous conservation of the fermionic number in the 
theory of one Weyl fermion. This result then generalises to N Weyl fermions and 
the axial anomaly can be seen as a subcase of the general result. We will proceed 
as in the previous case, using a mode expansion of the hrst-order Lagrangian and 
then integrating out the modes of the primed fermions to achieve the second-order 
Lagrangian. 

The Lagrangian for a Weyl fermions is given by: 

L = W^DXf - I (a^A + At(At)p 
= aX'' - y (A-’A^ + At^.At-^') 

This leads to the equations of motion: 

i{DX) = —mX\ iDa'^Xa = —mX\, 


(8.155) 


(8.156) 


The kinetic term can be diagonalised when the fermions are expanded into modes: 


= '^an^Rnix), X(x) = J^an(/>Ln(x) 


(8.157) 


with D(l)i = X(f)R as before. This then leads to (in the massless case): 


d!^xC = ^ iX 


n^n^n 


(8.158) 


whereas the measure becomes: 


n n 


yn^o 


yn^O 


(8.159) 


and it is easy to read off the anomaly from the zero modes of the left and right 
handed fermions to b^ 


d‘^xA{x) = n^L ~ '^^R — dim ker D — dim ker = ind D 


(8.160) 


As we are interested in the second order formulation, let us see what happens 


^Recall that dim ker = dim ker . 
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with the mass terms. When expanded on the above modes, they become: 

— d X (^X A + A^(A^) ) ~ + dmX-yy^yfln (8.161) 

where are antisymmetric matrices given by: 

X-mn j ^ ^4^Lm4^Lni -^mn j ^ ^4’Rm4’Rn (8.162) 

For later purposes, we can separate the contribution to the mass terms containing 
zero modes: 

^ ^ + d^A'^^dn) + m ^ (a°Af„a„ + dXlKfrfln) 

m,n^0 i,{n^0} 

+ Y E AjjaJ + a°Aga°) 


(8.163) 


where from now on, we denote by a prime the part of the matrix A that does not 
contain the zero-modes subspaces. The massive Lagrangian can be rewritten as: 

/ j-j^ 

d x/x ^ ) idyiXndyi ^ ) dyfiAyy^yfliyi A dyiyAy^y^dyi (8.164) 

nf^0 ^ m,n 


with the equations of motion 

i\ndn = A„ 7 ^ 0 (8.165) 

m 

= f = l,...,n?j (8.166) 

m 


It should be noticed here that the equations of motion mix the zero and non¬ 
zero modes of the operators. Furthermore, in the massive case, we see that the 
matrix A^,^ has “null directions”. This corresponds to the previous case in 
which the massive equations of motion simply constrained the zero modes to 
vanish. However, as before, we only want to invert the equations of motion for 
the non-zero barred modes, we then rewrite: 

iXndn A^Yi = H ^nrrflrn, A„ 7 ^ 0 (8.167) 

i rrif^O 
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We then have: 


i Xnttn -m Y >^m ^ 0 (8.168) 

\ / mn \ / ran 

n^O i {n-T^O} 


Integrating out one barred fermion in the hrst sum in (8.163), we have: 


m 






m,n^0 


n^O 


2 


(8.169) 


Repeating the same manipulation on the kinetic term and on the remaining mass 
term involving the barred non-zero modes, we obtain (after an appropriate rescal¬ 
ing of the fields): 


f d^xC = -\ Y (^^nan + mYa°i^^] 

^ m,n^0 \ iJ \ 

X—^ A f X—^ —0 A R—0 

^ ra,n ^ iJ 




mj J 


(8.170) 


Notice that in the massive case, if we use the constraint (8.166), then the con¬ 


tribution from the barred zero-modes disappears from the Lagrangian. Here, as 
we are interested in the case of a massless Weyl fermion, our Lagrangian finally 
becomes: 


d'^xC = - Y^ 

m,n^0 


\ / nm 


(8.171) 


which is the equivalent of 


C = 


--{DXfiDX) 


= -{D^' aXY{Da'^Xb) 


(8.172) 


with the extra minus sign coming from the “transpose” which effectively amounts 
to flipping an internal spinor contraction carried out with the antisymmetric 
epsilon metric, and we have: 


(a'^) ^ = [ d'^x(j)Rn(l)Rm, 

\ / nm j 


(8.173) 


In the path integral for the theory, the measure becomes, after integrating out 
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the non-zero modes: 

dttn I da? • • • da°o da? ... da°o (8.174) 

I R L 

nj^O J 

As in the case of Dirac fermions, we see that both the left and right handed zero 
modes have been left untouched and hence contribute to the anomaly. We can 
read off the contribution to the anomaly coming from the measure to be: 

d^xA^ = (8.175) 


where is the sum over non zero modes. As before, this should cancel 

with the contribution coming from the non-invariance of the Lagrangian. We 
have: 


f ^ \ / -1 

J 11 da^ ( iQ;)( 1) ^ ) \nCln 


n=0 


m,nf^0 


X exp 


Xnttn (A'^] X 

\ / nm 


N 

j ddfi 

n=0 


m,n^0 

N 

-ia) Y 1 

An^O ■ 


X exp 


E A.aEA'^)“^A, 

V \ / nm 


m,n^0 


Where we used: 

f dO (-9'^MO) exp 


--O'^MO 

2 


= 2 |/d«exp 
= J d^exp 


■U^M9 

2 


t=i 


1 

-^eMi 


t=i 


= n J d9 exp 


--9'^ Me 
2 


(8.176) 


(8.177) 


where we changed variables ^ = \/t9 and in the last line, we used that the latter 
is the identity operation at t = 1. In the case we are interested in, n is equal 
to the number of non-zero modes (modes appearing in Lagrangian), hence the 
result. Finally, using the contribution from the non-invariance of the Lagrangian 
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to cancel the extra term in the transformation of the measure, we have: 

J d^xA = — (8.178) 

which is the usual Atiyah-Singer index theorem for the anomaly in the theory of 
one Weyl fermion. 


8.4 Discussion 

First of all, the main result obtained in this chapter is that the anomaly (chiral 
or fermion number) that arises in the hrst-order formalism can be equivalently 
derived using the second-order formalism. When it is calculated perturbatively, 
we have shown that, although the integral that has to be computed is different, 
there exists a shift in the loop momentum that maps the calculation in one 
formalism to the the calculation in the other. We then have developed the tools 
necessary to the computation of the anomaly using non-perturbative methods for 
two-component spinors and, again, have shown that the same result is obtained. 
However, it must be emphasised that the approach taken here is that the second- 
order Lagrangian is not fundamental but rather is obtained from its first-order 
counterpart. Indeed, as we have seen during the derivation, we have had to take 
into account the contribution of the right-handed zero modes corresponding to 
the primed fermions that were integrated out. This is due to the fact that the 
path-integral over an operator containing zero modes is singular and cannot be 
carried out without paying a particular attention to these. 

Furthermore, notice that nowhere in our derivation we have used the reality condi¬ 
tions that are imposed on the unprimed fermions. Indeed, we have simply worked 
with a Lagrangian in which the mass was set to zero after having integrated out 
the primed spinors, and with a general mode expansion of the remaining helds. 
The same calculation can be carried out after having imposed sharply the reality 
conditions. This leads for example to: 

= 0 ^ anD(()Ln = 51 (^nK4>Rn = 0 f-)- a„ = 0, Vn 7 ^ 0 (8.179) 

n 

From this, it follows that the Lagrangian vanishes and the measure only contains 
the integration over the zero modes that have been left unsolved by the above 
constraint. This immediately leads to the same result as we have derived, but in 
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a much quicker wa} 


10 


There are some subtleties in the implementation of the reality conditions at the 
level of the action and in the counting of zero modes. Indeed, because the Weyl 
action in the second-order formalism is only considered as a limit after the reality 
conditions (massive) have been imposed, the modes that are left unsolved are 
only the left-handed zero modes and the “massive” left-handed modes. 

In the above derivation we have circumvented the problem by imposing the reality 
conditions on the (right-handed) massive modes only (and therefore keeping the 
contribution of the right-handed zero modes explicit for clarity). Now, because 
massive modes of either chirality are in one-to-one correspondence, the count of 
zero-modes in this subspace is not affected by the former’s reality conditions. 
However, as we have seen before in the case of zero modes, this is not true any 
longer. Had we solved the massive reality conditions for the right-handed zero 
modes, these would have been constrained to vanish. Since at the held level, 
this is what has been done, we have effectively removed these modes from the 
theory. This, by extension, affects the number of left-handed zero mode^^ there 
zero modes remaining. Hence giving the appropriate result but from 


are n 


0 


a purely second-order perspective (the same conclusion would be obtained had we 
considered the second-order theory fundamental since the above argument relies 
only on the functional properties of the operators). We would like to emphasise 
that this is only an intuitive argument, a more rigorous explanation has not been 
developed for this thesis and is left for further exploration. 


^°Even though this method is quicker, the method we have presented makes the derivation 
more easily generalisable. 

^^Because the right-handed zero modes are constrained to vanish, they are formally left- 
handed zero modes as well. Therefore, in the count of non trivial left-handed zero modes, there 
are less modes. 
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Unitarity 


9.1 Introduction 

As we mentioned in the Introduction, we will only consider perturbative unitarity 
of the S-matrix. In order to prove perturbative unitarity, we shall use the so-called 
Largest-Time Equation (LTE), which we will explicitly construct for a scalar held 
theory. 

The organisation of this chapter is as follows: in the hrst section we discuss what 
it means for the S-matrix to be unitary. In the second section, we introduce the 
concept of anti-propagator, develop the LTE for scalars and show how this is 
related to unitarity in a simple example. In the third section, we summarise the 
main ingredients of the second-order theory for fermions that are needed for the 
proof, we discuss their propagators, derive the consequences of the reality condi¬ 
tions and hnally develop the proof of unitarity. The last section is a discussion 
of the results we obtain. 


9.2 General remarks about unitarity 

In quantum held theory, the S-matrix (operator) can be written in the interaction 
picture: 


^ f d*x£i„t(x) 


(9,1) 


147 



Chapter 9. Unitarity 


where T denotes time-ordering Taking matrix elements between physical state^ 
unitarity of the S-matrix reads: 

(/|i>= E {/|S|n>{n|S'|i)= E {/|S'W{n|S|*> (9.2) 

phys n phys n 

where the sum runs only over physical intermediate states, and the latter are 
eigenstates of the free Hamiltonian. For practical calculations, one splits the 
S-matrix into the identity plus a transition operator T: 


S = l + iT 


(9.3) 


The unitarity equation in terms of the latter operator then reads: 

(/|(iT)|!) + (/|(ff)t|*) = - y {/|(iT)t|n)(r!|(iT)|*) (9.4) 

phys n 


Each of the terms appearing in the equation corresponds to a transition amplitude 
that can be computed by means of Feynman diagrams. In order to do so, the 
S-matrix exponential factor is expanded and we obtain, for instance, 

oo -m p 

(/|(ir)|i) = (/I ^ — / d^Xi-'-dl^XrnlTCintiXi)---Cint{Xrn)]\i) (9.5) 


This ought to be compared to: 


(/K-iOti) = (/I E 


m=l 


m\ 


d^xi ■ ■ ■ (fxm [T'^£L(a;i) ■ ■ ■ C\^^{xm)] \i) (9.6) 


The hrst thing to notice is that for this amplitude we get an extra minus sign 
for each vertex. Let us now have a look at the terms inside the brackets. The 
operator corresponds to an anti-chronological time ordering, he.: 


V0^{x)02{y) = T0(x° - y^)02{y)0^{x) + e{y^ - x^)0i{x)02{y) (9.7) 


^Notice that for interactions’ Lagrangians containing derivatives, the latter is not equal to 
minus the interacting Hamiltonian, however the mismatch corresponds to non-covariant terms 
that are exactly cancelled in correlation functions by the chronological products of derivative 
terms. Therefore, the operator that is considered in the aforementioned situation is the covariant 
time-ordering operator. 

^In this chapter {f\i) = 5fi, were both states are seen as free asymptotic states, and therefore 
should not to be confused with the similar quantity that appears in the LSZ reduction formula. 
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where the minus sign would be assigned to anti-commuting operators. Using 
Wick’s theorem for correlation functions, this anti-chronological ordering will 
lead to anti-propagators, to be discussed below, connecting vertices. Finally, the 
reader should have noticed that we did not use the hermicity of the Lagrangian 
in the brackets. Indeed, if the Lagrangian were hermitian, we would obtain 


exactly the same Feynman rules for (9.5) and (9.6), replacing propagators by 
anti-propagators, up to an extra sign in the vertices. However, as we will shortly 
recall below, in the case of second-order fermions, the Lagrangian is not hermitian, 
and therefore we will have to work out the consequences of such a difference. It 
must be noted that it is usually assumed that a non-hermitian Lagrangian leads 
to a non-unitary theory, but we will show that this is not necessarily the case. 


9.3 Largest-time equation for scalars 

As we discussed in the introduction, we will develop a proof of unitarity using 
the LTE. It only relies on the decomposition of the Feynman propagator into a 
sum of forward and backward propagators with theta functions, and on a simple 
combinatorics argument. Because it does not directly depend on the dynamics of 
a system, and because it will turn out to be useful, we first develop it in the case 
of a scalar field. 


9.3.1 Propagators 

The propagator for a massive scalar field (p(x) is given by: 

—i 


Af{x -y) = (0|r(p(a;)(p(p)|0) = 


Jp{x-y) 


(27r)^ — ie 


with = — Pq +p~. It can alternatively be written as: 

/S.f{x — y) = 9{x^ — y'^)A'^{x — y) + — x^)A~{x — y) 

f d?p 


(27r) 


ip{x-y) p-ip{^-y) 

9 {x^ - p°) + -d(pO - x°) 


2u 


2u 


with px = —ut + k ■ X and 


A^(x-p) = J 


d^p 

(27r)3 ^ 


(9.8) 


(9.9) 


(9.10) 
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We see that A+(a; — y) describes an energy (particle) from y to X whereas 
A~{x — y) describes a flow from x to y. On the other hand, the anti-propagator 
is given by: 

-y)^ {a\'Py,(xMy)\0) = / h 2 4 , (9.11) 

We see that it is the complex conjugate of the ordinary propagator (p —)■ —p 
change of variables). The important factor here is the +ie in the denominator. 
This implies that the poles will have opposite imaginary parts compared to the 
poles in the propagator, and therefore, when writing the anti-propagator as a 
three-dimensional integral, the contour will have to be closed in the opposite 
half-planes in the complex plane. This leads to: 


Ap(a: — y) = 9{y^ — x^)A'^{x — y) + 9{x^ — y^)A [x — y) 


d?p 

(27r)3 


pipix-y) -ip(x-y) 

e{y^ - x°) + — e{x^ - p°) 


2c<; 


2a; 


(9.12) 


In the following, we will need the following identities between propagators: 


Ap{x) = 9{x°)A~^{x) + 9{—x°)A~{x) 
A*p{x) = 9{—x^)A'^{x) -I- 6*(a;°)A“(a;) 

(A+(a;))* = A“(a;) ; A+(—x) = A“(a;) 
(AF(a;))* = A),(a;) ; Ap{-x) = Ap{x) 


9.3.2 Largest-time equation 

Now that we have introduced the different types of propagators and their relations 
with respect to complex conjugation, we can derive a result known as the largest- 
time equation (LTE). Consider a Feynman integrand with N interaction vertices 
Xi,..., xjv in Minkowski spacetime. We denote this function of the vertices points 
as F{xi), and the corresponding Feynman amplitude is obtained by integrating 
over all Xj and adding emission and absorption factors for the external wave 
functions. For a scalar held (with appropriately normalised interactions), F{xi) 
is given by a factor of i for each vertex and by propagators Ap{xi — Xj) = Ap{ij) 
for each line joining the vertices x, and Xj. 

The establishment of the LTF goes as follows: for each integrand F{xi) containing 
^We consider the positive energy particle to have a phase factor exp(—iwt). 
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N vertices, there are 2^^ — 1 other functions of the Xi that can be constructed. 
This is done by applying the following algorithm: 

1. Draw circles around vertices. There are 2^ possible combinations, the dia¬ 
gram with no circles being the original F{xi). 

2. For each circle, swap the sign in the vertex i —i. 

3. For uncircled connected vertices, write Ap{ij). If both vertices are circled, 
write A*p{ij). If x* is circled and Xj is not, write A+(zj) = A~{ji). 

After having constructed the 2^ graphs, we shall derive an equation for their 
sum. Consider the set of points x* contained in the Feynman integrand F{xi). In 
some reference frame, there will be a point, x^, which has the largest time of all 
the points: x^ > x°, Vz ^ i. Consider now a graph belonging to the whole set 
of possible integrands where Xf is uncircled and another point Xg connected to it 
is also uncircled. Among the other 2^“^ graphs, there is another one which has 
the same circling pattern as the former, except for x^ which is this time circled. 
Then, the sum over the two graphs is zero. Following our construction rules, the 
Feynman propagator Ap{£s) is replaced by A^(£s) and the sign in the Xi vertex 
is swapped. The statement is therefore true because we have: 

Ap{is) = A’''(£s), if X£ > Xg (9.14) 

Similarly, if X£ is uncircled and another point Xg connected to it is circled, there is 
another graph which has the same circling pattern, except for xe which is circled. 
The sum vanishes since 


A (is) = A*p{is), if X£ > x° (9.15) 

This generalises straightforwardly to the case in which X£ is connected to several 
other vertices. The propagators will be equal, and only the sign swap in the 
vertex will make the sum cancel. 

It is then easy to see that the sum over all 2^ graphs will give zero. Indeed, we 
can group them in 2^“^ pairs whose graphs sum up to zero, see (Figj9.l[). 
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Figure 9.1: Construction of the 2^ diagrams contributing to the LTE. Here, is 
taken to be the point at the far left of the diagram. Diagrams are grouped two 
by two in order to show how they cancel pairwise. 


Finally, the Largest-Time Equation is written as: 

F{xi) + F*{xi) = -F_{xi) (9.16) 

where F*[xi) denotes the complex conjugated integrand (all vertices and propa¬ 
gators are complex conjugated), and F_{xi) is the sum over the 2^ — 2 remaining 
graphs where there is at least one vertex of each type. 

In the next subsection we explain how this is related to unitarity. 


9.3.3 Unitarity from the cutting rules 

We have just seen how we can derive an equation for the Feynman integrand 
appearing in a scalar held amplitude by simply using combinatorics. In order 
to obtain the corresponding S-matrix, one needs to multiply the corresponding 
diagram by plane waves for the emission and absorption of particles and integrate 
over the different vertices xf. 


N 


Ni 


' Nf 


{f\zT\z) = j j^n | F{x,) (9.17) 


where pj denotes incoming momenta to a subset of vertices Xm^ and pk denotes 
outgoing momenta from Xm^ ■ These factors are the same for all diagrams appear¬ 
ing in the LTE, the only difference is in the propagators involved. Notice also 
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that there will in general be more terms in the RHS of the LTE than in the sum 
over physical states in the unitary relation. Indeed, for every cut propagator, i.e. 
a propagator that is replaced by a sum over states in the unitary relation, there 
will be two different diagrams in the LTE: one where the vertex on the left is 
circled and the one on the right uncircled, and another diagram where the circles 
are swapped. In terms of the sum over states in I]phys n{f\{'^Ty\n){n\{iT)\i), if 
the particle is emitted at a; by T and absorbed at y hy T\ we obtain; 

pnys n v / f 

whereas in the LTE we will get two terms involving either A~^{y — x) or A~{y — x). 
We will see how the extra terms cancel due to energy conservation. As an example, 
consider the following scalar held interaction: 

Cint = + g2’~P^3^4 (9.19) 


and the 12 —)■ 34 tree level scattering: 

= gig2 j d‘^xd‘^yifi{x)ip 2 {,x)if:i{y)ifi{y) [iApi^x - y)i] (9.20) 


The LTE reads: 


iApi^x - y)i + (-i)A),(a; - y){-i) 


iA {x — y){—i) + {—i)A'^{x — y)i^ 

(9.21) 


It can readily be checked using the decomposition of the Feynman (anti-)propagator 
in terms of the forward and backward propagators and that 6{t) +d{—t) = 1. Let 
us now derive the unitarity relation deriving from the LTE. 


1. Assume energy hows from x to y and replace cpi by emission/absorption 
factors. We will have for the energy plane waves: 


g-ixO (i?i+£:2 ) g+*J/° (-^3+£^4 ) 


(9.22) 


2. Integration over x and y will lead to two momentum conservation delta 
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functions. For the term involving A [x — y) we have: 

[ dx^dy^ ^+iy°iE 3 +E 4 )^+iu]{x°-y°) 

J (9.23) 

~ 6 {Ei + E 2 — co)S(lo — E 3 — E 4 ), Ei, a; > 0 

whereas for the term involving A~^{x — y), we have: 

/ dx'^dy^ {E4+E2)^+iy°{E^+E a)- y°) 

(9.24) 

~ 5{Ei + E 2 + u})5{ijj + E 3 + E 4 ), Ei, a; > 0 

which can never be satished for strictly positive energies. 

3. We see that energy conservation kills the extra term in the RHS of the LTE, 
and we are left with a factor that corresponds to the sum over states in the 
unitary relation. 


|n)(n|=A [x — y) (9.25) 

phys n 


To summarise the algorithm: write the Feynman integrand corresponding to 
a given process and write its corresponding LTE. The LHS is identical to the 
unitarity relation’s LHS when integrated over vertices with plane waves factors 
inserted. The LTE tells us that this is equal to the sum over some cut diagrams, 
some of which have to be removed using energy conservation. Finally, show that 
the remaining diagrams correspond exactly to the RHS of the unitary relation 
using the fact that a sum over physical states is replaced by a forward or a 
backward propagator. 

The last step of the algorithm can be further simplihed if one adds from the 
beginning an extra diagrammatic rule encoding the energy flow in a diagram. 
In a Feynman (anti-)propagator, energy flows both ways as it corresponds to a 
virtual particle. However, for cut propagators which correspond effectively to a 
physical sum over states, energy can only flow in one direction. As we have seen, 
in A~^{x — y) {A~{y — x)), energy flows from y to x. Henceforth, for every diagram 
linking a circled to an uncircled vertex, we draw an arrow pointing towards the 
circle denoting energy flow. We now give the so-called cutting rules for unitarity: 

1. Given a Feynman amplitude, draw all possible graphs obtained by circling 
a subset (all) of the vertices. 


PhD Thesis 


154 


Johnny Espin 



Chapter 9. Unitarity 


2. In addition, for every line linking two different types of vertices, draw an 
arrow pointing towards the circled vertex. 

3. Choose a direction for the overall energy flow. 

4. If a graph contains at least one vertex whose links are all incoming (outgo¬ 
ing), it vanishes. 

5. Draw now a cut through all directed lines but not through undirected lines. 

6 . The only non-vanishing graphs are those for which energy flows from one 
side of the cut to the other side, and for which each side of the cut contains 
only one type of vertices. 

7. The remaining graphs are in one-to-one correspondence with the terms ap¬ 
pearing in the unitarity equation for that given diagram. 

This demonstrates that for a scalar held, perturbative unitarity of the S-matrix 
follows directly from the LTE. Note however, that the LTE (and thus unitarity) 
holds here diagram by diagram. This is more than is required, as all we need for 
perturbative unitarity to hold is that the S-matrix is unitary at a given order in 
the coupling constant (s). This will be important for the problem of second-order 
fermions as we will now see. 


9.4 Unitarity of second-order fermions 

We now focus on the theory of second-order fermions. We will give a short recap 
of the formalism for self-consistency of the chapter, then we will have a second 
look at two scattering processes that were calculated in previous chapters, we 
will explore the consequences of the reality conditions, and hnally we will link 
the construction of the LTE for a scalar held to the theory of spinor helds. 

9.4.1 Brief reminder of second-order fermions 

Let us shortly summarise Section The Lagrangian for second-order Dirac 
Quantum Electrodynamics is given by (we simply consider the fermionic part): 

C = (9.26) 
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with 


= {d^ - ieA^)i, D^x = (<9^ + ie^^)x, 


(9.27) 


where we included the electromagnetic coupling |e| 1. Being not hermitian, 

the theory is supplemented with reality conditions: 


.t.4- _ 

m 


f" = 


^t.4- ^ 

m 


(9.28) 


The status of the reality conditions can be clarihed by the inclusion of source 
terms for the helds which are integrated out. The Lagrangian can be expanded 
so that: 


— -^0 + ^int 


(9.29) 


with 

>Co = -d^^x^df,U - (9-30) 


and 


Cint = 2ieA^^' (xa('9a'®^b) + {dA’^XB)U) - c^A^b'A^'bX'^U (9-31) 


To extract the propagator for the spinor helds, let us rewrite the free part of their 
Lagrangian as: 


iCoirac = XA (-n + ^B 


(9.32) 


Then the inverse of the quadratic operator is: 

(0 |T{^a(p)xb(-p)}|0 ) = Sf{p)ab = 2^ (9.33) 

where, the held ^a sits at the end of the directed line. Similarly, the Feynman 
rules for the vertices can be obtained by considering the momentum space version 
of the Lagrangian and setting, by convention, all our particles as incoming. Then 
the held can be expanded in positive-frequency modes and we obtain for the 
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vertices (all momenta incoming): 


A{q)XB{p)ic{k)\^) -t 2ie kc"^'esA + Pb"^'^ca 


{OlA"^'A{qi)A^'B{q2)xc{p)^D{k)\0) -2ie^e^'"'eAsecD 


2A'B' 


(9.34) 

(9.35) 


9.4.2 Propagators 

In the case of second-order fermions, the propagator can be rewritten as: 

Spix -y) =1- Apix - y) (9.36) 

where I is the identity over the unprimed spinors space. This implies that, as 
before, we have: 

Sf{x — y) = I- Af{x — y) = I- (6{x^ — y^)A^{x — y) + 0{y^ — x^)A~{x — y)^ 

(9.37) 

Because of this property of second-order fermionic propagators, we also have: 

S'],(a; -y) = -i- A*p{x - y) = - {Sf{x - y))* (9.38) 

where this time I is the identity over primed spinors space, and we used = —I 
due to the antisymmetry of the spinor space metric. This minus sign will be 
important below. We see that as in the scalar held case, the anti-propagator is 
related to the complex conjugate of the propagator. This is not the case for the 
hrst-order propagator. We will, from here on, drop the identity matrices in the 
propagators and work with the scalar held notation A. We therefore have as 
before: 


Af{x) = 6*(a;°)A'''(a;) -|- 9{—x^)A (x) 

A);.(a;) = 6'(—a;°)A’''(a;) -|- 6'(a;°)A“(a;) 

(A+(a;))* = A-(a;) ; A+(-a;) = A-(a;) ^ 

{Af{x))* = A*p{x) ; Af{-x) = Af{x) 

And this propagators satisfy the same LTE than we derived above. However, as 
we will now see, it does not apply straightforwardly to fermions as we are in fact 
working with a non-hermitian Lagrangian. 
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9.4.3 Two warm-up examples 

The fact that the Lagrangian for second-order fermions is non-hermitian implies 
that in the nnitary equation, the Feynman rules used in 

{n\{iT)\m) or {n\{iT)^\m) (9.40) 


not only differ by their dependence in the propagators, but the vertices are also 
different. Moreover, if in the hrst case we use polarisations for unprimed spinors, 
in the latter, we need to use primed polarisations. We will now see in two sim¬ 
ple examples how the reality conditions (9.28), when imposed linearly on the 
external (physical) states of each amplitude in the unitary equation, lead to the 
perturbative unitarity of the S-matrix. 


Compton Scattering 


We first consider the simple tree-level example of Compton scattering, see Section 


6.5 for more details. We recall that the amplitude can be split into its different 


channel contributions: 




AB CD — 


s -|- 


{—^Ack2B^ + ^ABQC^ 

— ^CDQA ^25 — 2 ^ ^ 


^AB^CD 


(9.41) 


\AA' C _ 
AB CD — 


Ae^i 


u + rn? 


(^+eAck2B^ kiD^ — ^bcPa^ k^o^ 

A' 1 C ^2 A'C A 

-eADPC k2B ~ 2^ ^ ^BC^ADj 


AA — A4g -h AA-u 


(9.42) 

(9.43) 


Unitarity in the s-channel means: 
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Figure 9.2: s-channel contribution to Compton scattering. 


where in the LHS it is understood that we sum over the diagrams and their com¬ 
plex conjugates. In order to compute the latter, we need the complex conjugated 
Feynman rules derived from the hermitian conjugate of the Lagrangian and the 
extra sign in the S^-matrix expansion. The quantity to consider is: 

-i f d‘^xC^ = -^ f 

J J ^ ^ (9.44) 

= +i J (-2D A^' X^B' - 

with now 

= (<9^ -h D^x^ = (9^ - ieA^jy^' (9.45) 


and where in the last line we rewrote the conjugated Lagrangian with the ex¬ 
act same index structure as the original Lagrangian. We therefore see that the 
momentum space Feynman rules will be exactly the same in the conjugated case: 

{0\T^{XA'ip)^B'i-pW) = SUp)a'B' = (9.46) 

jj ~r 1'^ 


and 


{0\A^A'{q)^B>{p)Xc'{^)\^) 2ie kc'^eB'A' +PB'^ec'A' 


(0|A%(gi)A^B/(g2)^c'(p)XD'(^)|0) -t -2ie^e^"eA'B'ec'B) 


2AB, 


(9.47) 

(9.48) 


Therefore the amplitudes are the same as in the usual case, except for the SL{2, C) 
index structure of the representations that is swapped with its complex conju¬ 
gated counterpart. 
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Using these facts, the complex conjugate of the s-channel amplitude is given by: 

(9.49) 


M* = 

*’S I 9 

s + 


{—^A'C'k2B'^kAD'‘^ + ^A'B'QC'^k^D'^ 

— ^C'D'QA' I^2B' — 2^ ^ ^A'B'^C'D' j 


where now B', D' denote primed fermions. This amplitude is obtained straight¬ 
forwardly from the complex conjugate of the aforementioned Feynman rules. So 
far, we have written the amplitudes in momentum space, however to make sense 
of the unitarity equation, we rewrite: 


Ms = —4e^i 
Ml = -AeH 


d^q Q-^M-y) 
{2tiY + m? — is 
d^q 

(27r)^ + m? + ie 


F{ki,q) 


F*{k,q) 


(9.50) 


where F corresponds the the integrand properly contracted with external polar¬ 
isations: 


e^(^2), e^(/^4), e%(fci), e'^cK^s) (9.51) 


We see that the only difference comes from the fact that the second amplitude 
contains anti-propagators and that F* might in general differ from F as they are 
projections on the polarisations coming from different spaces. In order to under¬ 
stand which polarisations are used in F*, we need to use the mode decomposition 
of the primed and unprimed fermions and compare them. For unprimed spinors. 


the rules are given in Section 5.4 We simply recall their mode decomposition: 


^A(a:) = ^ J dnk(^UAis)akis)F^''+ VAis)cl{s)e (9.52) 

XAix) = J2j dnk(^UAis)ckis)F’'^ + VAis)al{s)e~^^^'^ (9.53) 


For the primed fermions, using the linearised reality condition for external states: 

(9.54) 


m 


m 
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and the decomposition into modes of the primed fermions: 

(9.55) 

x\'{.x) = ^/ dVLk[u\,{s)c\{s)e~'^^ + v\,{s)ak{s)e'^'^^, (9.56) 

we have: 

av^{s) = [s], '^p^' au^{s) = —n'*'"^'(s) (9.57) 

m m 

Now, if we consider the same external states in terms of creation and annihilation 
operators, bnt this time with the primed fermions decomposition, we have: 

Ip, s, ±e) —)■ e‘^'^n'*'^'(s)|0) (9.58) 

(p, s, ±e| — )■ (9.59) 

Using the reality condition (9.57), these states can be rewritten as: 

gipx^t^'(s)lO) = -^p^'a (9.60) 

m ^ ^ 

(0|e-^PV^'(s) = f(0|n^(s)e-^P^) —p ^'a (9.61) 

^ ^ m 


We therefore see that the reality conditions imply that we can replace the primed 
polarisations using the reality equation independently of the state. This will allow 
us to easily compare numerators in the unitarity equation. 

We shall now show that we have F = —F*, in other words, that the integrand 
in the amplitude is purely imaginary once it has been projected on the external 
polarisations. We can compute the numerators as follows: 

F{ki,q) = efefc" {—^Ack2B^ + ^abQc^ ^40'" 

— ^CDQA^ k2B^ - ^ ^AB^CD^ ^2 A' 

= (64^4)^ (£2^2)^ (ei£ 3 )yl'C' + (£4^4)*" (£i£2)^ (£ 3 <?)c'A' 

+ (£4£3)*" (£2^2)^ (£i<?)a'C' + -^(£2£i)'" (£4£3)c' 

(9.62) 
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where notation is as follows: 


(Afc)^' = \^kA^\ Ma’b’ = kA'^pAB', (Ay) = A^xa (9.63) 


— u A 


- 


for any A, y G (1/2,0) and k,p G (1/2,1/2), and for commuting spinors these 
inner products are antisymmetric. Also, e, = e{ki). The second numerator is 
given by: 


^*{ki, q) — ^3 c {—^A'c'k2B'^k4^iji^ + eA'B'Qc'^k^oi 


c 


m 


—^C'D'QA' I^2B' - eA’B'^C'D' I ^2 A 

-Du D' \ C' / \ ( B' ^b\ ,yl' 


< B' ,A' 


'72 


= —e^k,n^' e7c (■ ■ ■) -—k2B^ e^ ef a 


m 

— 


m 


c k2BA'kiDC' + A'kADC — 5%q^C'k2BA' 


e^eU 


T) (^(€ 4 ^ 4 )*" ( 62 ^ 2 )^ {^i^z)a'C' + (€ 4 ^ 4 )*^ (^ 1 ^ 2 )"'^ {^■iq)c'A' 


+(£4^3)*^ (^2^2)^ {€-iq)A’C’ H— -^{^2^1)^ (^4^3)0' 


(9.64) 


where in the second equality, we have used (9.60 9.61). In the third, the fact the 
the external fermions are on-shell (he. = —m?). The fourth line, simply gives 
F = —F* as foretold. The LHS of the unitary equation is then given by: 


Ms + Ml = -4e^i 
= 46 ^ f 


dS 




I (27r)4 

d^q 


( 2 vr) 


q 2 _|_ ^2 _ g2 _|_ ^2 4- ^ 

(AF(,) + AJ.(4r))e-‘’<*-»F(fc,,) 




(9.65) 


Now, using 


1 

a =F ie 



(9.66) 
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The two principal values cancel and the imaginary parts add up to give: 

M.+Ml^ I F(k„q) 

= 4e= / / dq„ (S(c^ + ,„) + S(u; - ,„)) (fc, <,) 

J [2nY 2oj ^ > 

(9.67) 


with in the last line we have = (—a;, q) and = {uj,q)- This is almost it, what 
remains to be done is adding the plane wave factors for the external particles and 
integrating over the position of the vertices: 

J d^xd^y {Ms + M*s) e*('=i+^2)a;g-i(fc3+fc4)j/ (g gg) 


Let us simply consider the time integral over the plane waves, we have: 


J dx^dy^ ^^-ix°{Ei+E2-ui)^-iy°{uj-E3-E4) _|_ ^-ixO{Ei+E2+u})^-iy°{uj+E3+E4)'^ 

= {2 eY (^d{Ei + E2 — uj)5{E4 + E^ — cj) + 5 {Ei + E2 + oj)5{Ez + E4 + 

(9.69) 


where ki^ = {—Ei, ki), and because the energies are positive, only the first term 
contributes, leading to the LHS of the unitarity equation: 


LHS = 


d^q 1 
(27r)3^ 


E{k,q){2EY6^*\ki + k2 


q){2EY6^'^\k3 + k4-q) 

(9.70) 


It now remains to compute the RHS. It will be given by, schematically: 

- f d^xd^y Y, (eiesRsCg) (e^^a^e^e*) (9 71) 

Before writing the integrand, we must make sense of the sum over states implied 
in the equation. We have: 


spins 


J AA' _ f ^ 

m ’ ^ y (27r)^ 2u 


(9.72) 
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where the integration measure corresponds to the Lorentz invariant one. So that 
we write, for a one-fermion intermediate state: 




A *A' -iq(x-y) _ 


^^-iq{x-y) '^^AA' 

m 


(9.73) 


J {2Tif2uj 

with = (—cu,^. The position space integrals can then be carried out very 


simply to lead to the same delta functions as in (9.70). We are left with the 


contraction of the vertices and polarisation states. We have: 

f 1 ^B^A tM' ^ ^EE'\/-*C ^*d' 


(9.74) 


We only need to show that the integrand is equal to Ae^F{ki^ q) and then the 


unitarity equation would be proven for this case. We have, using again (9.60 9.61) 


and the fact that q is now on-shell, for the contraction of the two amplitudes: 

(-l)2ei (k^' b(-ea - q^' e^ba) —q^^' 

^ ^ m 

2ei {q^ e'^d'c ~ d'^e'c^ ^ 

=4e^ (k^ B^EA - e^-ba) [-e^^k^c'D + x Pol 


=4e^ i-k^BdAkiC'D + q^'^eABkiCD + qAC'd%kf b - ^dc^€.ABd% \ x pol 


-4e^ ((^ 2 ^ 2 )^ {^i^^)A'C'{^iki)^ -|- {e2ei)A'{^Ak4)c'{q^z) 


+ (^2^2)"^ (6463)^ {eiq)A'C' - ^{^2^1)c{^4^3) 


m 


A'C 

2 


c 


=Ae^F{h,q) 


(9.75) 


This implies that, upon integration over vertices, we have the unitarity equation 

(Figl^: 

LHS = 4e^ J ^FF{k„q){2Er6(^\k, + k^ - q){2EY5^^\k, + k,-q) 

= RHS 

(9.76) 


Therefore proving unitarity for this process at this order in the coupling constant. 
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It should be noted, that the main ingredient is the possibility to convert the 
complex conjugated amplitude into an usual one using the reality conditions on 
the external primed states and the fact the the sum over intermediate states also 
gives a reality condition-like factor. The rest follows from the decomposition of 
the propagators into forward and backward propagations. 


Photon two-point function 


Let us now consider a case in which the fermions appear inside a loop. The easiest 
case is the photon two-point function, or charge renormalisation diagram that we 


discussed in Section 7.2 Recall that the amplitude is given by: 


M(k) =(-l)4e^ (ekA'e^B') J d^xd^y 



4 ' R' A' R' , 9 A'R' 

-p bQ A-q bP a + 

/ (27r)^(27r)^ 

J- — ie] — ie] 


(9.77) 


In the LHS of the unitarity equation (Fig j9.3[ ), there is a sum over the afore¬ 
mentioned amplitude and the amplitude calculated using conjugated Feynman 
rules. 



Figure 9.3: Unitarity equation at one-loop. 


The latter is given by: 

M*{k) =(-1)46^ (ef uef b) J d^xd^y 


f ^""P .-4,+p)(x-y) 

-p^B'q^A' - q^B'P^A' + m^e^^eA'B' 

J (27r)^ (27r)^ 

\jp, _|_ ^2 _|_ |■g2 _j_ ^2 _|_ 


(9.78) 
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Notice that the sum of the amplitudes can again be written as a function of the 
scalar propagators: 

X + X- = (-l)4e^/ d^xd-’y f 

X (-Air(p)Ai.(g) - A^(p)A^(g)) F{q,p, k) 

(9.79) 


where F is again a function of the momenta with no poles. Because of this, the 
decomposition of the propagators appearing in the integral in terms of forward 
and backward propagations is still valid, since it only relies on the pole structure in 
the energy plane. Let us hrst explicitly show it in momentum space by considering 
the zeroth component integrals for the hrst term in the brackets in the above 
formula: 

/ P. >=) (9-80) 


We have for the hrst integral: 


(27r) 


' ^iujp{x-y)° ^-iujp{x-y)° 

0ya:F{q,p,k) + --- 9^yF{q,p, k) 


2uj„ 


2uj„ 


(9.81) 


with 6xy = d{x^ — ip). Let us now consider the second integral over the hrst term 
in the square brackets: 


' ^iixig{x-y)° ^-iuig{x-y)° 

2 ^ 9yx9yxF (^q , p, k') 9xy0yxF (^q, p, k') 

' ^iixig(x-y)° 

= —^ - eyxF{q,p,k) 

(9.82) 


where in the second line we used OxyOyx = 0 and OyxOyx = Oyx- Similarly the 
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second terms yields: 




^-iu}q{x-y)° 


2Ur, 


-0^yF{q,p, k) 


(9.83) 


So that: 


-9^yF{q,p,k) + 


-i{ujq+ajp){x-yp ^i(ujq+ujp)(x-yf 


(2W(jr) (2ujp 


(2,Ulq') i2uip 


9y^F{q,p, k) 


(9.84) 


Finally, the antipropagators integral is: 


^-i{LOq+uip){x-yp ^i{u]q+ujp){x-yp 

9y^F{q,p,k) + 9^yF{q,p, k) 


(2W(jr) (2ujp 


(2,UJq') (2Wp 


(9.85) 


and adding the two contributions gives: 

' ^-i(ujq+ajp){x-y)° ^i{ujq+ujp){x-y)° 

(2cjq)(2ujp) + (2ujq)(2ujp) 

where we used 9xy + 9yx = 1. If we now consider the integration over vertices, 
including the external plane waves factors, only the second term contributes to 
the delta functions, as before, and we get for the LHS of the unitarity equation: 

Ai + Ai* = 4 e'^ J dQpdQq (^{27r)^6^^\p + q — k)^ F{q,p,k) (9.87) 

where dQp = (- 2 ^)^-i( 2 a; ) Lorentz invariant measure. It only remains to 

check that the RHS of the equation reproduces the same result. The sum over 
internal states with momenta q and p will yield the same integrals, furthermore, 
the integration over vertices will yield the same delta functions, we only need to 
check that the numerator is the same. Schematically: 

- iekV 3 €p€q) {ele*pV^ e^) = 4e^F(g, p, k) (9.88) 


F{q,p, k) 


(9.86) 
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We have using (9.72 i) again: 


(— 1 )(— 2 ei )^(— e^fa — f^ea) — {p^ e'^f'b' + f'^e'b') 


.A' 


EE'FF'f^B 






=Ae^{-p^'E(^FA - F(^EA){-(^^^q^B' - 
=Ae^{-p^'^qAB' - q'^'^PAB' - m‘^6^5s,) 

So that, when contracting with the polarisations: 


(9.89) 


4 e"e 


2 ,A 


kA' 


-p"^'Bq^'A - q"^' bP^'A + m^e^'^'eAB b' = 4.e^F{q,p, k) (9.90) 


, 2 ,A'B 




and therefore: 


LHS = Ae^ j 

f dVtpdVtq 

{2f)^5^^\p + q-k)^ 

V(g,p, k) = RHS 


(9.91) 


Hence proving unitarity for this process. 

9.4.4 Reality conditions and amplitude numerators 

In the two examples that we have explicitly developed, the proof of unitarity relied 
extensively on the fact that all contributions to the LHS and to the RHS share the 
same numerator. This is not at all an obvious fact, as in general the contributions 
to the unitarity equation are a mixture of amplitudes calculated using different 
Feynman rules (recall that our Lagrangian is not Hermitian). However, we dis¬ 
covered that by making use of the reality conditions ( |9.60[9.61 ) and of (9.72), we 
can project the amplitudes derived using the hermitian-conjugated Lagrangian 
onto “unprimed” amplitudes. Without this trick it would, a priori, not be true 
that the theory is unitary. Therefore we should derive a general result involving 
amplitudes numerators, before proving in the next subsection that this and the 
scalar field theory LTE is enough to ensure unitarity of second-order fermions. 

In order to do so, we will need a compact notation for the numerators. We will 
henceforth use an index-free notation for the Feynman rules. We have for the 
vertices with pi incoming and p 2 outgoing: 

= (-2ei)(0>i + p2e>^) = 1 / 3 *^, Vr = {-2e^i) (^'^^ + 6’^6^) = (9.92) 

where we wrote the quartic vertex so that the contribution to the two channels 
over the symmetrisation over photon lines is explicit. The “propagators” are 


PhD Thesis 


168 


Johnny Espin 












Chapter 9. Unitarity 


simply given by: 


—il, —il 


(9.93) 


Notice that from now on, the order in which we contract vertices matters. We 
follow the usual rules for fermions: we climb up the charge arrow, and in the above 
vertex p 2 corresponds to that momentum. Also now, using unprimed spinors and 
following a fermionic line, the latter starts with a polarisation spinor ua and 
hnishes (at the tip of the arrow) with another spinor v^. Because of this, the 
reality conditions (9.60[9.61 ) become: 


0) = —p ■ 0) 

m 

(9.94) 

(0 m'*' = (O n • p— 
m 

(9.95) 


where p = p^O^ and the extra sign in (9.94) comes from the modihed spinor 
contractions. Finally: 


spins 



m 


(9.96) 


Using this notation we shall derive results for a string of primed or unprimed 
fermions (or fermionic line) with one polarisation spinor at each end or with a 
sum over states inserted in the middle, as well as for (cut) single-loops. Indeed, 
the interaction vertices are such that these are the only two possible cases to 
consider. Also, we will restrict ourselves to the ‘s-channel’ amplitudes only, as 
the proof is the same for other channels. Our convention is that all of the external 
photons are incoming. 


Fermionic lines 

We hrst compare a string of unprimed fermions (uncut) to the same string of 
primed fermions. This case corresponds to the LHS of the unitarity equation. 
We will prove the results by induction, not taking into account what follows the 
photon line. First, for one external photon, we have: 

= v{pi){—2ei){6^p + pi6^)u{p) (9.97) 
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= u\pi){—2ei){6^p + Pi6^)v\p) 
= —v{pi){—2ei){9^p + pi6^)u{p) 


2 

—v{pi){-2ei)pi {d^p + pid^)pu{p) 

(9.98) 


which satisfies the unitarity equation trivially. For two photons, this amplitude 
can either be extended with a propagator and another cubic vertex, or replaced 
with the quartic vertex (in both cases, we choose the s-channel): 




= v{p2) —i{—2eiY{6^‘^pi + p29^^){9^^p + pi9^^) + {—2e^i){si + m^)9'^^9^^ u{p) 
= n(p2)(4e^i) [9^'^pi9^^p + p29^^9^^p + 9^^pipi9^^ 

2 1 

u{p) 


m 


+P29^‘^Pi 9^^ - 9^^{pipi + 


m 


= v{p2){^e^i) \ 9^^pi9^^p + P29^'^9^^P + P29 ^'^Pi9^^ —9^^^9^^ 


u{p) 


(9.99) 


where we multiplied the quartic vertex by the inverse propagator with si = p\ = 
2pipi, so that it effectively comes with the same denominator in the amplitude. 
For the conjugated amplitude we have: 


=u\p2){Ae^i) 


9^^pi9^^p + P29^'^9 ^^p + p29^^pi9^^ 


777 

0^2- 

2 


v^{p) 

(9.100) 


In this case, we can explicitly carry through the amplitude the reality condition 
that we impose on nl(p), which in turn will transform the last spinor u^{p 2 ) in its 
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unprimed equivalent. We have: 




m 


= u^(p2)(4e^z) O^^piO^^p + p20^'^6^^p + p29^^pi9^^ — 9^^^9^^ 

= u\p2) — {4:e‘^i) 
m 


^^pu{p) 


m 

2 

m 


9^^pi9^^pp + p29^^9^^pp + p29^'^pi9^^p — 9^^—9^^p 


u{p) 


= u\p2) — {^e^i) 




m 


m 


m 


m 


- -p^0l^2 - Qt^l +p^0l^2p^Qt^lp - 


= m^(p 2) —(4e^*) 

m 


m 


P2P29^'^Pi 9^^ —p29^'^—9^^ + P29 ^'^Pi9^^P + P2P29^^9^'^P 


u{p) 

u{p) 


= u\p2)p2 — {,9.e^i) 

m 


m 


P29^^Pi9^^ — 9^'^—9^^ + 9^^pi9^^p + p29^‘^9^^p 


u{p) 


m 


= —u(p2)(4e^i) P29^‘^pi9^^ — 9^^—9^^ + 9^^pi9^^p + p29^^9^'^p 

= __y\/'M2Mi 


u{p) 


(9.101) 


where we have used the fact that p 2 is on-shell, and that (9.94 9.95) imply: 

X a/2 f 

M'(p)p— = —v(p), — pv'(p) = —uip) (9.102) 

m m 


We have obtained the same result as in (9.64), but using this time an index-free 
notation. 

We will show: 


m m 


(9.103) 


In the Appendix, we showed (D.64 




(9.104) 


where the amplitude on the left is either from unprimed to unprimed or from 
primed to primed and on the right, it is an amplitude built using second-order 
Feynman rules (or equivalently their anti-chronological conjugated rules). Di 

^In this chapter, we use the notation A to denote the amplitude that has not yet been 
projected over the fermions polarisations. 
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stands for either Ap or —A*p. And Si stands for the hrst-order fermionic propa¬ 
gator. If we consider nnprimed fermions external states, we have: 


V{i)iPn)iV2pn + m)DnA'^"^-^W{-V2p + m)u(i){p) 

= mV(^i){pn)DnA'^2)"^Wu(^i){p) 


(9.105) 

If on the LHS we consider the primed to primed ampntated amplitnde, we have: 






(9.106) 


where we have rescaled the second-order polarisation spinors. Consider now 
primed fermions external states: 


^’li)iPn)i-V2pn + m)DnA'^^S'^W{y/2p + m)u]^^{p) 


( 1 ) 


hi)' 

A*! r 

with the the primed to primed ampntated amplitnde on the LHS: 


= mvL{pn)DnA'fA''^" DulSp) 


(9.107) 




hi) “(1) 


( 2 )' 


h2) '^(2)^ 


(9.108) 


So that we have: 


W(2)(Pn)hlg)"''''«{2)(p) = -nf2)(Pn)hlg)"'^'«(2)(p) 


(9.109) 


Which is eqnivalent to: 




(9.110) 


Since 


the Feynman rnles nsed on the RHS are the same for {f\{iT)\i) and (/|(iT)l|i), 


and by extension this leads to (9.103). 


Now, consider the same string of fermions, bnt with a snm over states inserted 
somewhere in the middle, and with the rest of the amplitnde calcnlated nsing the 
conjngated Feynman rnles. This wonld correspond to the RHS of the nnitarity 
eqnation. Again, we wonld like to show that the nnmerator of this qnantity 
is proportional to the nnmerator of the fnll (conjngated) amplitnde. In order 
to do so, let ns hrst state a resnlt concerning the vertices that are involved in 
the diagrams. As we saw before, for any nnmber of connected photons n > 2, 
we will have several diagrams (restricting onrselves withont loss of generality to 
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the s-channel) contributing to the amplitude. More precisely, for any two cubic 
vertices connected by a propagator, there will be another diagram where such 
contribution is replaced by a (s-channel contribution of a) quartic vertex, and the 
rest of the amplitude is identical. Specihcally, we will have: 




+ p29'^‘^){—i){9'^^p + Pi9^^) -I- (—2e^i)(si + m^)9^^9'^^ 


m 


= (4e^i) 9^‘^pi9^^p + P29^^9 ^^p + p29^^pi9^^ — 9^'^ 
-2ei)‘^{9^^Pi + p29^‘^){—i){9^^p + pi9^'^) 


(9.111) 


and it will always be the case that the quartic vertex contribution effectively 
sets on-shell, in the numerator, the momentum propagating between the cubic 
vertices. So that, any numerator for a string of fermions can be written as: 






X{Vt{,-PuPi-i) 

.i=n 


s —— 


(9.112) 


where by IliLn) mean the ordered contraction of cubic vertices, starting from 
the outgoing fermion: 


'[[Vt{-Pi,Pi-i) = {-2ei){9^’yn-i + Pn9^") ■ ■ ■ {-2ei){9^^^p + pi9>^^) (9.113) 

i=n 


Now that we have this result, we can look at the full numerator: 


/2 

= v{Pn)A^""'^‘’+^ — qA*^'^"'^^v\p) 
m 

= vipAA^^'"^'^*^ —'u(p) 
m m 

= —v{pn)A^'^"'^‘‘+^A'^'^"''^^u{p) 

= {—i)v{pn)A^^"'^'’'*'^ {—i)A^‘^"'^^u{p) 


(9.114) 


where in the third line we used (9.103) and in the last line the fact that any 
amplitude can be built from lower order amplitudes with on-shell numerators 


(9.112). Moreover, the results does not depend on the index g, and therefore is 
valid for any cut along the string. Notice, that we recover the result from the 
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first example where we had: 

A/” = (-4e^i)F(g,/cj), A/”* = (+4e^i)F(g,/cj), AT = (-4e^)F(g, fcj) (9.115) 

We therefore see that the numerators are proportional to each other. We will use 
this result in the next subsection, but before we will prove similar results in the 
case of loops. 


Loops 


First of all, if we consider a closed fermion loop (LHS of the unitarity equation), 
we have trivially: 

AA^"-^i = (-l)Tr = (-l)Tr (9.116) 


since the traces are independent of the type of fermions involved inside the loop. 
On the RHS, however, we will have something more complicated. Suppose the 
loop is cut through the propagators labelled by k, I, then 


= ^piPkA*^^+^->^^ 

= (-)i2Tr 
= (-l)A/”^"'"^i 


(9.117) 


which again reproduces the result we obtained in the loop example. 


9.4.5 Unitarity of spinors from scalar field theory 

We will now use the results obtained about the numerators in order to factor 
out the fermionic dependence (numerators) from the unitarity equation, and deal 
instead with a purely scalar case. As before, we will treat separately the case of 
a string of fermions with V >2 connected photons, and the fermionic loop. 
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String of fermions 

In order to conclude our proof of unitarity, let us rewrite the most general am¬ 
plitude for a string of fermions as: 

(mm) = / n / n 

i=l '' j=l 

(9.118) 

with V the number of vertices, I = V — 1 the number of internal lines (propa¬ 
gators), Xi the vertex attached to the incoming fermion with momentum p, xy 
the vertex attached to the outgoing fermion with momentum q, and where we 
have stripped off a factor of (—i)^ from the numerator (as it was dehned above) 
in order to have the exact expression for the Feynman propagators. Also, we 
have omitted the spacetime indices on the numerator. Let us now dehne a 4/ 
dimensional momentum variable as well as a 4/ dimensional spacetime variable: 

p’ = ©«. X' = ©©+. - Xj) ( 9 . 119 ) 

j=i i=i 

as well as a propagator function: 

P(P) = nA^(p,) (9.120) 

j=i 

The amplitude can then be rewritten as (dropping for a moment the q and p 
dependence of the numerator): 

(/l(ff)|i) = / J ^e‘™P(P)A/'(P) (9.121) 

The second integral is now simply rewritten as a 4/ dimensional Fourier transform 
of a product of functions. Using the convolution theorem, we have: 

/ - Z) (9.122) 

where 'D{Z) and M {Z) are the Fourier transforms into position space of their 
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respective momentum space quantities. The full amplitude is now given by: 

{f\{iT)\i) = I J V{Z)U{X - Z-p,q) (9.123) 

i=l 

Let us look more carefully at the propagator function in position space: 

= / ri (p,) = n - z,) (9.124) 

This is nothing but the first term in the LTE for scalar helds stripped off the 
vertices factors! The same can be applied to the conjugated amplitude to obtain: 

{/l(ir)t|*) 

i=l j = l 

= J J d^^Z V{Z)J\f{X - Z-p, q) 

i=l 

(9.125) 

where we used N* = —A/”, and 

V(Z) = (-1) / ri (-Af(r)) = (-!)'+■ ri - Zi) 

(9.126) 


Now, the LHS of the unitarity equation becomes: 


(/l(ff)B + (/l(»r)tB = /ri<iVje«”''e-«“''' 

i=l 

X Jd^^Z {v{Z) + V{Z))M {X - z-p,q) 

(9.127) 


Let us look at the sum over the propagator functions: 

V{Z) + V(Z) = ri - X,) + (-1)'+' ri Af(J)+i - ^l) (9.128) 

i=i i=i 

This expression is very similar to the LHS of the scalar LTE for a string of scalars, 
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indeed we have in the scalar case: 


II 

i iApizj+i - Zj) + (-i) - Zj) = ('O(^) + 'C’(^)) (9.129) 

j=i i=i 


On the other hand, the RHS is given by: 


I p-i \ / / 

n i^F^Zj+i - Zj) iA^{zp+i - Zp)\ {-i)A*p{zi+i - Zi) \ [-i] 

p=i _ \j=i J \*=p+i 

P-i \ _ /I 

]J(-i)A),(2:j+i - Zj) (-i)A (zp+i - Zp) \ Jl iApizi+i - Zi) \ [i] 
j=l J \i=p+l 

(9.130) 


where the sum over p denotes all possible cuts. We can factor out the i factors 
so that: 


p=i 


fp-i \ 11 

Ap(^Zj^i Zj) j A (^p+i Zp) j Ap(^Zipi 


0=1 


i=p+l 

+ (-1)^+^ I n ^F(^i+i - ^i) I ^~{zp+i - Zp) (n ^F{zi+i - Zi 

j=l J \i=p+l 

(9.131) 


and we dehne the above quantity as: 

-(-*)'+■ y (-1)' {VPZ) + VpZ)) (9.132) 

p=l 


The LTE for the scalar helds gives us therefore: 

*'+' {V(Z) + f>(Z)) = 'ti-lf {vpz) + Vpz)) (9.133) 

P=1 


or 


(®(Z) + I>(Z)) = (-1)' jji-ir [vpz) + Vpz)) 


P=1 


(9.134) 


PhD Thesis 


177 


Johnny Espin 



Chapter 9. Unitarity 


We can plug this back in our unitarity equation: 


(/K-iON) + {/l(ff)'N> 


V 


Rtf 

2 = 1 




X Jd“z (-1)' x:(-i)' (p;(Z) + P;(Z-))M(X 

p=l 


Z;p,q) 

(9.135) 


but because the energy flows from xi to Xy-, the only non-vanishing contribution 

i^ 






2=1 


(9.136) 


X ^(-l)^+^I);(Z)Ar(X-Z;p,g) 

p=i 


Let us now check the RHS. We have: 


phys n 

I V 

p=i •' i=i 


d*Ps 


d^p. 


P ^iPpidSp+i-Xp) 


J (27r)3(2a;,) 

I V 

p=l 


2 = 1 


(/ n X / 


d^p. 


i27rf{2up) 


P ^ipp(xp+i-Xp) 


X / n ""'^^upiWiiPj^Piy^pp^q^p) 


(9.137) 


^To see it explicitly, we can rewrite this amplitude as it was originally given. 
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where we used M = {—i)M and when we factor out {—lY from the numerator 
there is one extra factor to cancel the former (with the overall minus sign), and 
there is a factor of (—for the extra minus sign in each anti propagator. In 
order to proceed as before, we need to rewrite the sum over intermediate states 
as a four-dimensional integral: 

(9.138) 


so that we rewrite the RHS as: 

- E {f\(iT)'\n){n\(iT)\t) 

phys n 

I V 

= ;^(-l)^+P / J] 

p=l i=l 

( 


X 


(27rp 


jj AF{pj)A+{pp) A*p{pi) M (P, g, p) 

j<p i>p 


V 


-Dtip) 


. V I 

2 = 1 P=1 


^ V+{Z) Af {Z - X,q,p) 


(9.139) 


and therefore we have proved the unitarity equation for a string of fermions: 



(9.140) 


Fermionic loop 

We are left with the case of a fermionic loop, let us therefore rewrite the most 
general amplitude for a loop: 

n V . V j4 

{/l(ir)|i) = / / n (9.141) 

•' i=i •' j=i 

with xv+i = Xi and this time the number of internal lines and of external particles 
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I = N = V. We do not write explicitly the photon polarisations or plane waves 
as this loop could be connected to a more general amplitude. As before, we dehne 
a generalised momentum and position which are this time 41/ dimensional; 

p' = 0ft. X- = ©(x,+, - Xj) (9,142) 

1=1 1=1 

as well as a propagator function: 

V(P) = n AF(ft) (9.143) 

The amplitude can then be rewritten as: 

r r P 

(/|(iT)|i) = j li" A' y (P) (9-144) 

As before, the second integral is now simply rewritten as a 41/ dimensional Fourier 
transform of a product of functions. Using the convolution theorem, we have: 

r P r 

J (^" = J d‘''Z V(Z)U (A - Z) (9.145) 

where 'D{Z) and M {Z) are the Fourier transforms into position space of their 
respective momentum space quantities. The full amplitude is now given by: 

(/|(iT)|i) = J d^^Xd^^Z V{Z)U{X - Z) (9.146) 

Let us look more carefully at the propagator function in position space: 

= / n (p,) = n AF(ft+i - ft) (9.147) 

j=l I ) j=l 

Again, this is nothing but the first term in the LTE for scalar helds stripped off 
the vertices factors. The same can be applied to the conjugated amplitude to 
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obtain: 




i=l •' j=l 

= J V{Z)M (X - Z) 


(9.148) 


where we used Af* = Af for loops, and 


'^(Z) = / n (-AMp,)) = (-1)^ n (9-149) 

j=i y^'^> j=i 


Now, the LHS of the unitarity equation becomes: 
(/|(^T)|^) + (/|(^T)t|^) 


J d^^Xd^^Z (v{Z) + V{Z)) AfiX-Z) 


(9.150) 


Let us look at the sum over the propagator functions: 


V 


V 


V(Z) + B(Z) = n Af(%+i - Zi) + (-1)'' n - 


i=i 


i=i 


(9.151) 


This expression is very similar to the LHS of the scalar LTE for a string of scalars, 
indeed we have in the scalar case: 

(-1) niAF(%+i - + (-1) n(-»)A>(2,+i - Zi) = (-1)!'' (C(Z) + V(Z) 

i=i i=i 

(9.152) 


In order to write the RHS, recall that in this case the LTE implies that one can 
only have one sequence of propagators followed by one sequence of antipropaga¬ 
tors (linked by A^). Indeed, we only consider single cuts that split the loop into 
two pieces. In order to write an expression for this sum over cuts, notice that the 
expression in terms of (anti-)propagators only depends on the distance between 
the two cut propagators, and on the position of one of the two cuts. Therefore 
we dehne the distance between the first cut propagator and the second: 

= p{Pi+si) - p{Pi) (9.153) 
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where p{pi) = i is the position of the propagator, and the subscript i in <5* 
labels the hrst cut propagator we consider. Then, we can write the RHS as: 


V V-l /i-l+5* 

i=l 5»=1 \j=i+l 




i-l+V 


X (-i)A {Zi+I+Si - Zi+Si) I n i^F{zj+i - Zj) 

p=i+l+S'‘ 


(9.154) 


Notice that the number of (anti-)propagators in the sum does not depend on 
the position of the hrst cut propagator (by symmetry of the loop) but only on 
(5*. Moreover, for = 1, there is no antipropagator, and for <5* = V — 1, no 
propagator. We can factor out the explicit i dependence: 


V v-i 


fi-l+s* 




i=l S^=l 


, i=*+i 


i-l+V 




Vi=i+i+(5^ 


(9.155) 


and we dehne the above quantity as: 

(9.156) 

i=l S^ = l 


The LTE for the scalar helds gives us therefore: 

(-1)+ {V(Z) + 'D(Z]) = (-l)Xf;'£‘(-l)*’Pj.(Z) (9.157) 

i=l 51 = 1 


or 

(®(z)+®(z))=x: i:'(-if»i-(z) (9.158) 

i=l 51=1 
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We can plug this back in our unitarity equation: 


= [d*''Xd*''Z ^ ^(-1)‘‘Bj,(Z)A^(A' -Z) 

i=l 5i=l 


(9.159) 


for particles that are all incoming, there cannot be only one circled vertex in the 
RHS of the LTE (otherwise the delta function is not satisfied at that vertex), 
therefore, there must at least be one anti-propagator. Hence, in Vsi{Z), we must 
have (5* > 1. The only non-vanishing contribution is: 


= fd*''xd*''z y y(-i)‘'’i>j.(z)A/'(A:-z) 


V V-i 

EE( 

i=l 5^=2 


(9.160) 


Let us now check the RHS. We have: 


V v~i 


V 




Xd 


d^Pi 


i=l 5^=2 i=l 

d^p 

(2 ' 


(27r)3(2wi) 




X / 'ff / 


d^Pi 


iiT-g Wi + Sii^i + l+S'- 


(27r)3(2a;,+,0 


j=i+l 

j=i+l+Si 


V V-1 „ V 

=EE(-if/n^S 

i=l 5i=2 j=l 


d^p, 


(27r)3(2a;i) 


^_ ^ipiixi+i-Xi) 


x/ .n, / 


d^p. 


j=i+l 


iiT-g *Pi + 5i(*i + l+ai 


(27r)3(2a;,+,0 




j=i+l+(5' 


. (2ir) 


(9.161) 


where we used J\f = and when we factor out from the numerator 

there are two extra factors to cancel the former. Moreover for each antiprop¬ 
agator, there is a factor of (—1) ‘unused’, so that in the end there is an extra 
factor of (—1)^*. In order to proceed as before, we need to rewrite the sum over 
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intermediate states as a four-dimensional integral: 




(27r)3(2wp) 


SO that we rewrite the RHS as: 


(9.162) 


V v-i 


- Z (fj(zTyjn}(nj(zTM = J 

phys n i=l (5*=2 

( 


X 




MI p i-l+<5® i-l+V 

A+(pi) J] X*p{pj)X-{pi+s^) n XpiPk) M{P) 


j=i+l 


k=i+l+S^ 


I’si(P) 


) 


V V-1 . 

= Y.Y1 / d^^dXd^^Z Vs^{Z) J\f{Z-X) 

i=l 5^=2 

(9.163) 

and therefore we have proved the unitarity equation for a fermionic loop: 


V v-i 


LHS = / d^^Xd^^Z ^ ^(-l)'^‘l)5i(^)Ar(X -Z) = RHS (9.164) 

i=l 5i=2 


9.5 Discussion 

In this chapter we proved that the second-order Dirac theory is indeed unitary 
even though its Lagrangian is not hermitian. After having developed the tools 
necessary for the proof in the case of a scalar held, we have shown that the uni¬ 
tarity of the theory relies deeply on the fact that external (physical) states are 
subject to a set of reality conditions. Without these, it would have been impos¬ 
sible to link the complex conjugated amplitudes to their original counterparts. 
Furthermore, the structure of the interactions are also constrained by, this time, a 
fully non-linear set of equations. Indeed, if we consider the theory as a construc¬ 
tion arising from the hrst-order formalism, the form of the vertices is dictated by 
the gauge-covariant Dirac equation. This, in turn, forces the quartic vertex to be 
how it is, and therefore allows for the necessary cancellations and factorisations 
in the unitary equation. Notice that if, instead, we had considered the second- 
order theory as fundamental, the quartic vertex would have been included in a 
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Noether construction of the (locally) gauge-invariant Lagrangian. Together with 
the constraint on external states, the quartic vertex ensure the unitarity of the 
theory. 

We argue that unitarity holds because of the right balance of interactions and 
constraints, the reader might wonder what would happen if one were to add an 
additional quartic interaction to the Lagrangian, such as: 

Cx ~ A(ex)2 (9.165) 


Because the fermions have mass dimension one in the second-order formalism (and 
their propagator is scalar), this interaction is power-counting renormalisabl^ 
besides having a tree-level amplitude ~ (s/m^)^ which is a sign of its effective 
character. However, once can see that in order to ensure the unitarity of the 
theory (assuming the same reality conditions on the external states ~ 
one must also include: 








(9.166) 


which is non-renormalisabl^ We therefore see that in the second-order formal¬ 
ism, there is a clear tension between renormalisability and unitarity. The fact 
that the above interactions (when required to be unitary) are non-renormalisable 
is intuitively understood as they arise from a (TT)^ term in the first-order for¬ 
malism, which is known to be non-renormalisable. 

Aside from the case of second-order fermions that was considered here, this proof 
of unitarity can be generalised to other non-hermitian theories that have a scalar- 
type propagator. Indeed, for such a theory to be unitary, some reality conditions 


are needed. Using a generalisation of the results of Section 9.4.4, we can see that 
this will impose stringent constraints on the numerators already at tree-level. For 
example, in a spinor-helicity formalism, one must require the theory to produce 
the same helicity conhgurations using both sets of (usual or conjugated) Feynman 
rules. At this time, it seems that it is sufficient for a theory that is non-hermitian 
to be PT symmetric, as a future line of research, it would be worth exploring this 
in the context of the constraints numerators must satisfy. 


®If there is only the above interaction present in the theory, the superficial degree of diver¬ 
gence is D = 4 — Nf, with Nf the external number of fermions. This is to be compared to the 
usual D = A — Nf + Pf where Pf is the number of propagators. 

^D = 4L since for each internal propagator there will be two derivatives from the vertices 
in the numerator 
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Chapter 10 
Unification 


10.1 Introduction 


We have seen in Chapter that our second-order Lagrangian (4.34) is much 
simpler and more compact than the hrst-order Lagrangian. Moreover, in joining 
together the barred fermions, we have made explicit an approximate symmetry 
of the theory. In this spirit, we will discuss in this chapter different “unihcations” 
in the second-order formalism. We do not claim that the groups that we will 
introduce below represent new GUTs, but rather that the Lagrangian of the SM 
can be written using higher approximate symmetries in a much simpler way. 


Section 10.3 is based on work done in 30 , whereas the other sections contain 


mainly ongoing research. The main result of this chapter can be found in Section 


10.6 For an introduction to group theory, we refer the reader to 43,44 for a 


physicist’s perspective, while 45 is a comprehensive mathematical reference. We 


mainly use the same conventions as in 43 . 


10.2 SO(8) unification 

As we have seen, each generation of fermions has 16 components. Furthermore, 
in our second-order Lagrangian where the weak SU{2) is frozen, the fermionic 
representations appearing are real. Indeed, for each SU{3) triplet, there is an anti¬ 
triplet with opposite electromagnetic charge and the same occurs for the singlets. 
This allows us to look for a 16 dimensional real representation of a gauge group 
that is broken down to SU (3) x 17(1), thereby escaping the embedding constraints 
imposed by the weak charges. The simplest group containing a 16-dimensional 
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real irreducible representation is SO{9) with its spinor representation. However, 
SO{8) contains two real S-dimensional representations, we will therefore start 
with the latter. We want to hnd an embedding SU{3) x U{1) C SO{8). The 
Dynkin diagram for this group is 

D4 = 50(8) 

If we denote its simple roots by Oj, i = 1,..., 4, a useful representation for the 
latter is: 

Oii Ci e^+i, 04 63 “t“ 64, Ci * Cj (10.1) 

Its Cartan matrix is given by 


/ 2 
-1 
0 

V 0 


-1 

2 

-1 

-1 


0 0 ^ 
-1 0 


2 

0 


0 

2 


( 10 . 2 ) 



SO that the simple roots in the Dynkin basis are given by: 


(10.3) 


A suitable embedding is obtained by considering the SU (3) subgroup generated 
by ai and 02 (the root on the left and the middle root). As for which representa¬ 
tion is needed, SO{8) has no 16 dimensional irreducible representation, however 
it has three 8 dimensional representations (triality). 

The spinor irreps of S'0(8) are given by the decomposition of their highest-weight 
in terms of Dynkin indices: 

8(0010) = ( 0 0 1 0 ) 8(0001) = ( 0 0 0 1 ) (10.4) 


Our choice of embedding leads us to consider the two spinor representations 
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8 ( 0010 ) + 8 ( 0001 )- The first one decomposes under SU{3) as: 


8(0010) —t 


3 C 

(1 

0 

0 

3 C 

(0 

1 

-1 

1 C 

(0 

0 

1 

1 c 

(0 

0 

-1 


(- 110-1 


) (1 


-1 0 1 


( 0 -1 1 0 ) 

) (-1001 


(10.5) 


and the second as: 


8 ( 0001 ) 


3 C ( 1 0 -1 0 
3 C ( 0 1 0 -1 
1 C ( 0 0 0 1 
1 C ( 0 0 0 -1 


( -1 1 -1 0 ) ( 0 -1 0 1 ) 

( 1 -1 1 0 ) ( -1 0 1 0 ) 


( 10 . 6 ) 


This has been derived in the following way: we seek an embedding of the SM un¬ 
broken gauge group inside SO{S) and the latter can be found by considering the 
reduced Dynkin diagram obtained after omitting the last two roots in D 4 . The 
new diagram describes an embedding SU{3) x U{1) C S'0(8) where the SU{3) 
sector is generated by the first two simple roots. Now, in order to see how our 
spinor representation transforms under the subgroup, one needs simply remem¬ 
ber that for SU{3) the (anti-)triplet representation is obtained by a successive 
lowering of the highest-weight state by the two simple roots. 

We still have to check the electric charges of those particles. In order to do so, 
we need to hnd the charge generator Q. The latter is a linear combination of 
Cartan’s generators of SO ( 8 ) and as such can be written a^ 

Q = ( a b c d) (10.7) 

For the U{1) subgroup to commute with SU{3), we have to require that the 
charges within an (anti-) triplet are equal. Using that the charge of a state A is 
given by: 


Q ■ A = gA 


( 10 . 8 ) 


^In the Che valley basis where [Ea,E-a] = Ha- 
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This allows us to define a charge operator 

Q = -^ ( 1 2 3 0 ) (10.9) 

and we obtain the branching rule 

8 ( 0010 ) + 8 ( 0001 ) = 82 + 3__i + 3_2 + 3i + l_i + Iq + Iq + li (10.10) 
Later on, we will construct the embedding of the SM into SO{9) in the same way. 


10.3 SU(2) X SU(4) unification 


We now construct a Pati-Salam-like unification 27 . Consider the second-order 


Lagrangian in the form (|4.34|) that we recall here: 
C-SMJ 


-2VQ‘VQi - 2VL‘VLi - [A,Q)' Qt - f? (A,l)‘ L, 


( 10 . 11 ) 


Here the quarks’ kinetic term contains a sum over the three colour indices. 
Spelling this out we have the following kinetic term: 


-2{VQy{VQ,y - 2{VQy{VQ,y - 2{VQ^)\VQif - 2DUDU (10.12) 


where r,g,h are the three colours and {T>Qi)* denotes the projection of a triplet 
on a particular colour index. As in the Pati-Salam unification, it seems legitimate 
at the level of this Lagrangian to define the leptons as the fourth “colour”. This 
suggests that we put all of the SM fermions into two multiplets: 


S^: = 


Ui u- 

d: 


f u 


u. 


df d\ 


Si-.-- 


U'i 

-Q 

Ui 

Ml 


V 


di 

d\ 

Ci j 


(10.13) 


We can then rewrite the Lagrangian in terms of S'j, 5j, using covariant deriva¬ 
tives appropriate for each field. However, what seems to spoil this picture is the 
different electric charges of the quarks and leptons. As we have seen above, the 
embedding into a larger gauge-group is not always straightforward. The same 
problem arises in the usual Pati-Salam treatment, where it is solved by using a 


non-trivial embedding of the SM gauge group into a larger group, see e.g. 28 for 
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a nice exposition. 

Thus, to understand what is happening with the electric charges, we need to 
understand how the SM symmetry group sits inside some larger gauge group. If 
for SO{8) we have carried out the construction at the level of the representation 
in a purely algebraic way, we will here do it at the level of the action of the group 
on the states. Note that the symmetry group that is unbroken in the Lagrangian 


(10.11) is U{1) X SU{3). The weak SU{2) no longer acts on our fermions, as 
they are all SU (2)-invariant objects. However, there is a leftover from this gauge 
group in the form of the massive gauge held (also S'f/(2)-invariant) that acts on 
doublets Qi,Li and does not act on Qi, L^. So, the group SU{2) is broken, but 
the fact that the fermions come as doublets tells us that it was there. Similarly, 


now that we put in (10.13) leptons on the same footing as the quarks, it appears 


that there is an SU{4) behind this construction. So, we take SU{2) x SU{4) as 
the GUT gauge group that acts on multiplets Si, Si, and look for an embedding 
of U{1) X SU{3) into it. The sought embedding is given by 


f/(l) X SU{3) 3 {a,h} -3 



e SU{2) X SU{4) 
(10.14) 


where in the top-right corner of the second matrix, we have a 3 x 3 matrix, and 
therefore (for example for h = 1) a = ala. Let us check how this works out for 
the charges. According to this prescription the U{1) acts on the up quarks as 
Ui -3 a^^^Ui, which corresponds to the correct electric charge of 4/6 = 2/3 for a = 
. Similarly, for the down quarks we have di -3 a^~^di, which gives the correct 
electric charge of —2/6 = —1/3. For the neutrino we have z/j -3 a^~^Vi, which 
gives zero electric charge, and for the electrons —)■ a~^~^ei, which gives the 

electric charge —1. This gives all the correct quantum numbers of the unbarred 
fermions. For the barred ones it is clear that we simply have to use the hermitian 
conjugate representation of SU{2) x S'f/(4) (but not of the Lorentz group, because 
the barred fermions are still unprimed 2-component spinors). 

We can now write the kinetic terms for all the fermions in a very compact form 


-2VS^VSi 


(10.15) 


Here V is the covariant derivative relevant for each multiplet. The SU{3) and 
f/(l) connections are present in both T>Si and PF* in a symmetric way, with the 
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hermitian conjugate connections appearing in 'DS'*. This is because the represen¬ 
tation of the unbroken gauge group of the SM is indeed real as mentioned earlier. 
However, the massive SU{2) gauge held appears asymmetrically in that VS'^ is 


diagonal in the isospin indices, while VSi is not, see Section |4.4[ Let us now 
discuss the mass terms. These can again be written in terms of Si, Si as 


-p^S,!S^S, 


(10.16) 


The mass matrices A®-^ appearing here are complicated objects. Each of them 
is an 8 X 8 block matrix that consists of 4 different entries , Ajf, A®L It 

thus breaks SU{2) symmetry completely, while the SU{4:) is broken down to 
U{1) X SU{3). 


Overall, the sum of two terms (10.15), (10.16) gives the Lagrangian: 


-2VS^VSi - SiK^^Sj 


(10.17) 


We note that the unihcation described here is different from the Pati-Salam 
model, as no second SU (2) has been used. This seems natural in the second-order 
formalism in which the weak SU (2) has been frozen from the beginning by using 
physical variables. In our framework the unbarred doublets simply transform 
under the hermitian conjugate representation of SU{2) x SU{4:) and therefore 
the same SU{2) acts on both barred and unbarred particles. Furthermore, in the 
Pati-Salam unihcation the representations that are needed are complex because 
both the usual (left-)weak and right-weak SU{2)s are unbroken and act differently 
on the doublets. Here we have the following (real) reducible representation: 

A © A = (2,4) © (2,4) e SU{2) x SU{4) (10.18) 

whereas in Pati-Salam, the representation used is: 

A © A = (2,1,4) © (1, 2,4) e SU{2) x SU{2) x SU{A) (10.19) 

which is complex as clearly we have (2,1, 4) ^ (1, 2, 4) (with 2 ~ 2). Notice now 
that SU{2) X SU{4:) ~ SO{3) x SO{Q) C SO{9). Below we discuss the direct 
embedding of U{1) x SU (3) C SO{9), and in the last section we will see how the 
former can be constructed. 
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10.4 SO(9) unification 


We give an algebraic derivation of the particle content of the aforementioned 16- 
dimensional spinor irrep of SO{9) by making use of Dynkin diagrams and of the 
highest weight construction. The Dynkin diagram of SO{9) belongs to the Cn 
series for (rank) n = 4: 


C4 = 50(9) 


If we denote its simple roots by Oj, i = 1,..., 4, a useful representation for the 
latter is: 


OCi Ci 04 64 , Ci * Cj Sij 


Its Cartan matrix is given by: 


^ij 


^ 2-10 0 ^ 


- 12-10 


0 - 12-2 


y 0 0 -1 2 y 


so that the simple roots in the Dynkin basis are given by: 




( 10 . 20 ) 


( 10 . 21 ) 


( 10 . 22 ) 


The spinor irrep of S'0(9) is given by the decomposition of its highest-weight in 
terms of Dynkin indices: 


16 = ( 0 0 0 1 ) (10.23) 

We can therefore construct the whole irrep in the Dynkin basis. We do it here 
explicitly: 
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( 0 0 0 1 ) 

( 0 0 1 -1 ) 



1 -1 


1 



( 

( 

( 

( 


1 -1 0 

i 

-10 0 

-1 0 1 



- 11-11 

t 


( 0 -1 0 1 ) 


( 0 1 0 -1 ) 

I 

(1 -1 1 - 1 ) 
( 1 0 -1 1 ) 
( 1 0 0 -1 ) 

(- 110 - 1 ) 

y 


( 0 -1 1 -1 ) 
( 0 0 -1 1 ) 

( 0 0 0 -1 ) 


Figure 10.1: Highest-weight construction of the spinor representation of S'0(9) 
in the Dynkin basis. 


where we denoted by an arrow the action of the simple roots ai and a 2 and by 
dotted lines the others. As before, we seek an embedding of the SM unbroken 
gauge group inside S'0(9). Again, a good embedding can be found by consid¬ 
ering the reduced Dynkin diagram obtained after omitting the last two roots in 
C 4 . The new diagram describes an embedding SU{3) x 1/(1) C SO(9) where the 
SU{3) sector is generated by the hrst two simple roots. Now, in order to see 
how our spinor representation transforms under the subgroup, one needs simply 
remember that for SU{3) the (anti-)triplet representation is obtained by a suc- 
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cessive lowering of the highest-weight state by the two simple roots. It is easy to 
see that states linked by arrows decompose appropriately under SU (3) therefore, 
we see that the 16 decomposes (under SU{3)) as follows: 

16 = 3 + 3 + 3 + 3 + 1 + 1 + 1 + 1 (10.24) 

which maps into the SM particle content as far as color is concerned. We still 
have to check the electric charges of those particles. In order to do so, we need 
to hnd the charge generator Q. Again; 

Q={a b c d) (10.25) 


For the U{1) subgroup to commute with SU{3), we have to require that the 
charges within an (anti-) triplet are equal. In order to £x our conventions, we 
have the following triplets: 

( 1 0 -1 1 ) ( 1 0 0 -1 ) 

( -1 1 -1 1 ) , ( -1 1 0 -1 ) (10.26) 

( 0 -1 0 1 ) ( 0 -1 1 -1 ) 

while the other two 3 dimensional weight subspaces are anti-triplets and the 

remaining four states are singlets. Using that the charge of a state A is given by: 

Q-X = qx (10.27) 


We obtain, on the one hand: 

Q = -^ ( 1 2 3 0 ) (10.28) 

which can be understood as Q = — |(i7^ + 2H^ + 3H^), 77* being the Cartan 
generators, and on the other hand: 

16 = 32 + 3_i + 3_2 + 3i + l_i + lo + lo + li (10.29) 

which corresponds to the particle content of the SM. Therefore, we see that the 
fermionic states of the (second-order) SM can be gathered into a single SO{9) 
irrep. 
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10.5 SO(IO) unification 


It is known that all left-handed fermions of the SM can be put into a single 16 
dimensional irreducible representation of S'O(IO), see e.g. 1^, section 97 or 


So, our unprimed fermions S'*, S'* can be combined into a single multiplet of 
S'O(IO). This SO(IO) is obtained from the already encountered SU{2) x SU{4) 
by adding another SU{2) that mixes S* and S*. Putting these groups together we 
have SU{2) x SU{2) x S'U(4) ~ S'0(4) x S'0(6) C S'O(IO). The Lagrangian one 
obtains is of the same schematic form (10.11), now with a single 16-dimensional 
fermionic multiplet J^*. We will not explore this theory any further, since for our 
purposes it is enough to consider the above S'0(9) irrep. 


We also note that it is the S'O(IO) unihcation scheme that incorporates the 
SU{5) C S'(9(10) viewpoint on the SM fermions. The second-order ver¬ 
sion of the SU{5) model is also possible, but we refrain from spelling out the 
details as it has no immediate added interest. 


10.6 Gauge-gravity unification 


Earlier, we saw that the unprimed fermions of the SM (16 per generation) sit 
nicely into the 16-dimensional spinor irrep of SO{9). However, a higher “unihca¬ 
tion” can occur if we consider gravity as a gauge theory. The idea of reformulating 
gravity in terms of new variables dates back to j^, where an SU{2) connection 
was introduced to account for the gravitational degrees of freedom of the theory. 
More recently, a novel description of gravity as diffeomorphism invariant gauge 
theory was developed, see 47-49 . It seems therefore natural, in our efforts to 


seek the nicest irrep possible for the fermions, to take their spinor index into 
account. Indeed, as it is well known, the Lorentz group S0{1,3) is isomorphic 
(up to complexihcation) to SU{2)l x SU{2)r and all the held representations of 
the former can be built using the latter. Fermions are no exception to this rule 
and unprimed spinors live in the (2,1) irrep, while primed fermions live in the 
(1, 2)[^ Nevertheless the two irreps are linked by complex conjugation, and based 
on the gauge-theoretical approach to gravity, it is not a leap of faith to consider 


^In this chapter we use the dimensional notation for irreps. The representation (2,1) would 
be denoted ( 5 , 0 ) in a spin notation. 
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the extended symmetry group for the SM representations to be 

Gsm+gr = SO{9) X ^0(3)gr (10.30) 

where we used to well known isomorphism SO{3) ~ SU{2). The representation 
we need is (for the unprimed fermions only at this point): 

J^=(16,2) (10.31) 

where T denotes the fermions multiplet, and we have now a 32 dimensional object 
that takes into account the doubling of the original 16 due to the fact that spinors 
are SO{3)gr doublets. Once this has been set, the simplest embedding that can 
be considered is the obvious: 


^0(9) X ^0(3)g/j C ^0(12) (10.32) 

This embedding is the most natural, because S'0(12) possesses a 32-dimensional 
(pseudo-)real spinor representation. Not only that, but it actually has two 32- 
dimensional spinor irreps, so that the second can account for the primed fermions 
if needed! It turns out that this embedding exists, and after a “breaking” 

50(12) ^ 50(9) X 50(3)Gi? (10.33) 

its spinor irreps transform in the right manner under its subgroup: 

32 = (16, 2), 32' = (16, 2) (10.34) 


In what follows we will be particularly interested in a more direct embedding of 
the SM symmetry group, even though the embedding we have just described can 
be considered as an intermediate step. More precisely we want: 

50(12) D 50(9) X SO{3)gr 

D 50(6)e X SOi3)w X 50(3)Gij ~ 50(4)^ x 50(2)^ x SU{2)gr 

(10.35) 


As far as representations are concerned we want: 


32 = (4,2,2) © (4,2,2) 


(10.36) 
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This would correspond to the colour-weak representations of Section |10.3| with 
the spinor index taken into account. In this section, we will explicitly construct 
the representation using a Clifford Algebra that generates S'0(12) and its subse¬ 
quent ladder operators that generate the SU{6) C SO{12) subgroup. This will 
allow us to construct and name all the states that appear in the 32 in terms of 
their SM quantum numbers. Moreover, using the the SU{6) subgroup that we 
have just mentioned, we will be able to represent this states as antisymmetric 
tensors (forms) living in a 6-dimensional complex space. This brings along many 
investigation opportunities that we will mention in the Discussion, but before 
considering the full S'0(12) algebra we will shortly focus on a toy-model that 
describes a neutrino-electron doublet. 


10.6.1 Quick reminder: SO(2n) spinor irreps 

We would like to give a short reminder on the way spinor representations of 
SO{2n) can be built using Clifford Algebras (CA). We will focus on the “even” 
orthogonal groups as these will be the main focus in this section. In order to 
build their spinor irrep(s), we construct the following CA: 

{Tr,Tj} = 25ij, I,J = l,...,2n + l (10.37) 

The algebra generators are then constructed as: 

Mij = i,j = l,...,2n (10.38) 

and the last gamma matrix that was not used commutes with all of the generators: 

2n 

^2n+l = (“'*)"’Hr*, [T2n+1, Mij] = 0, \/i,j (10.39) 

i=l 

This implies that the SO{2n) (Dirac) spinor representations are in fact reducible, 
and the above gamma matrix acts as a projector onto two (Weyl) irreps: 

= ^(1 ± Tan+i) ^ (10.40) 

where D”, denote the two irreps and both have dimension 2”“^. Fur¬ 

thermore, depending on the value of n, they are either (pseudo-)real or complex 
conjugate to each other. All we need to know here is that for SO{6) they are 
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complex and for 50(12) they are pseudo-real. 

Using the aforementioned CA, we can build the two irreps in the following way. 
First, dehne a set of (pairs of) ladder operators: 

As :=-(r 2 s_i — ir 2 s), aJ :=-(r 2 s-i + *r 2 s) ( 10 . 41 ) 

with s = 1,... ,n. They form a set of canonically normalised ladder operators, in 
the sense that: 


{As, AJ = 0 = {At, Al} , (As, At} = <5,, (10.42) 

Furthermore, the set of creation operators {At} generates a SU{n) C SO{2n) 
subalgebra, and with respect to the former, they are tensor operators that trans¬ 
form according to its dehning represent at ioi]|^ Now, it only remains to construct 
the spinor irreps of SO{2n). We mentioned that there are two such irreps, and 
these are given by their fundamental weights. We could use the simple roots 
to construct all the states appearing in the irreps, however, we decide to take 
a different approach that is closer in spirit to what is usually done for physical 
systems. Therefore, consider the lowest weight (or vacuum). Let us denote it by: 

|0), A,|0) = 0, Vs (10.43) 

Because each pair of ladder operators acts on a separable spin 1/2 subspace, we 
can also use a spin up-down notation to label the states. Therefore, we have 
equivalently: 


|0>s(g)|-) (10.44) 

n 

We will use both notations in the two examples that we work out below, however 
let us, for now, focus on the properties of the states. Because the creation op¬ 
erators can also be seen as tensor operators, the hrst excited states are just the 
dehning representation of SU{n): 


Al|0) ~ n 


(10.45) 


^Precisely: Ta = J2rs [Ta]i'l’ As where 
tors of SU{n) and [Ta,Al] = Al ■ 


denotes the defining representation’s genera- 
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Next, two “particle” states will transform as a rank-two antisymmetric tensor 
because the creation operators anti-commute: 

Ajy4|;|0) ~ (n (g) n)a (10.46) 

Similarly, we generate all the higher-rank antisymmetric tensors up to n. We 
therefore have: 

n 

DU ^ ^ 

m=0 

where [m] denotes the rank-m antisymmetric irrep. Equivalently, these spinors 
irreps can be thought of as m—forms in n complex dimensions, so that: 

DU ^ jjn-l ^ (10.48) 

Finally, because the last gamma matrix T 2 n+i anticommutes with the creation 
operators, it commutes with an even number of them, and therefore (as we have 
already mentioned) the Dirac spinor splits into two Weyl irreps. In terms of 
forms, we have: 


where e, o stand for even and odd, and which irrep is matched to which forms’ 
subspace depends on the value of n. We will make the details explicit in the two 
examples we discuss below. 


10.6.2 Toy model: SO(3)vp x SO(3)Gi? C SO(6) 


Let us now focus our attention on a simple toy model. Consider a single generation 
weak doublet consisting of a neutrino (q = 0) and an electron (q = —1). Their 
weak isospin is -1-1/2 and —1/2 respectively. Furthermore, we consider a second- 
order description of their dynamics, so that their held representation is a doublet 
of unprimed spinors. In matrix form, the particle content can be described as: 


Xa 


Vl Z/2 

ei 62 


(10.50) 
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where A = 1, 2 is their spinor index. In terms of gronps and representations, the 
symmetry group is SU{2)w x SU{2)gr ~ SO{3)w x SO{ 3 )gr and their irrep is: 

X~(2,2) (10.51) 

We would like to consider an embedding of that group into SO{6) ~ S'U(4) and 
because of the dimension of the representation, it is natural to look at (one of) 
the Weyl spinors of SO {6): 


4 = (2,2) or 4 = (2,2) 


(10.52) 


At this point, we could choose to work with the hrst irrep without loss of gener¬ 
ality. Below we will see that both arise naturally in our construction. 

We would like to construct explicitly the generators of the subgroup starting from 
the generators of 50(6). In order to do so, notice: 

6 =(4 0 4), (10.53) 


where 6 is the vector irrep of 50(6). 
(10.52), we have: 


Using the constraint we want to impose 


6 = (3,1) ©(1,3) (10.54) 

where on the LHS we have an 50(6) irrep and on the RHS we have 50(3)w x 
SO{ 3 )gr representations. The above equation means that a 6-dimensional vector 
decomposes into two 3-dimensional vectors. Let us see what this tells us about 
the generators. As we have done above, we have now in hands a construction of 
the 50(6) generators using 6 gamma matrices: 

Mij = z,j = l,...,6 (10.55) 

and we have an extra matrix Ty from which we can build a projector. The above 
embedding leads us to consider the following generators for the subalgebra: 

4 = Mi,-, i,j = 1,2,3^ SO{3)w (10.56) 

R,, = M,,-, i,j = 4,5,6 ^ SO{ 3 )gr (10.57) 

This (explicit) embedding has all the right properties we have stated above. In 
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order to see it, we can explicitly construct all the states. As it is usually done 
for SU{2) algebras, we construct two “spin” ladder operators and a measur¬ 
able operator. It is usual to choose the three Cartan generators of SO { 6 ) to be 
Mi 2 , M 34 , M 56 and therefore, we £x M 12 = J^, M 56 = K^, the rest of the 

generators easily follow. To summarise: 


f J^ = Mu 

[ = M23 

[ = M56 

I = , 

[ = M 64 




1 

71 






1 

v7 


± iK^) 


with, for example: 



±J- 


± 





(10.58) 


(10.59) 


(10.60) 


We would like to have an expression for these generators in terms of the SU{3) 
ladder operators (10.41). Using (10.38) and the inverse transformation: 


r 2 s-i — + aI, T 2 s — i (As — 

we can obtain a general formula for the generators: 

M2s,2r = ^ (A,A, AJa); - AjA, - A,A^) 
Tf2s-l,2r-l = ^ {AgAr + A\A\ -f AJA^ -f A^AJ^ 
M2s,2r-1 = ^ (A,A, - AjA); - AjA^ + AgAl) 


We therefore have: 

[ j3 = iVi-i 

{ J- = 

[ A'3 = Afs - i 

1 K- = *- 43^2 


(10.61) 


(10.62) 

(10.63) 

(10.64) 


(10.65) 


( 10 . 66 ) 
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where we defined: 

Ni := AlAi, Tj2 ■= A 2 + A 2 , A 2 := A 2 — A^ (10.67) 

First of all, notice that all the generators are bilinears in the ladder operators. 
This implies that once we are in a spinor irrep (4 or 4), we stay in it (as expected). 
Then notice that, althongh both SU{2)s have a mix of ladder operators (1,2 and 
2,3), the weak gronp acts “mainly” on the hrst snbspace, while the Lorentz gronp 
acts on the third. The second direction is “broken” at the level of the snbgronp. 
We now want to constrnct the states. In order to do so, we need a vacunm state. 
In the previons subsection, we saw that the state: 

|0> = I-> (10.68) 


is annihilated by all ladder operators and can therefore be taken as vacuum state. 
However, we are here interested in a particular subalgebra, i.e., we want a vacuum 
that is annihilated by a particular set of generators. In this case, there are two: 

|0)e=|-), |0)o=|-+-), 7l,|0)e,o = 0, s = l,3 (10.69) 

where e, o stands for even or odd vacuum, and the parity of the latter is dictated 
by its r 7 value and is even for a state belonging to and odd otherwise. 

Moreover, we have in our case: 

|0)e e4 = D\ |0)o e4 = D^ (10.70) 


As it is expected, using our subalgebra we can construct two different irreps. 


corresponding to the freedom of choice (10.52). Using the quantum numbers that 


we want the particles to have, it is then easy to see that we have either: 


4 = 


Z/i U2 
ei 62 


+ -+) I + +-) 
-++) I-—) 


(10.71) 


or 


4 = 


Z/i U2 
61 62 


+ + + ) | + —) 
--+) I-+-) 


(10.72) 


We could conclude with these two equations as now we know explicitly how both 
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the embedding group and its subgroup act on each state, and we have therefore 
explicitly constructed the embedding. It is however interesting to (equivalently) 
express everything in terms of m—forms in three complex dimensions. In order 
to do so, let us denote: 


4|0) ~ dt, 4|0) ~ du, 4|0) ~ dv (10.73) 


Using these dehnitions, our original spinor can be rewritten in two different ways: 

X = vi{p)dt /\dv + i> 2 {p)dt Adu + ei{p)du Adv -\- e 2 {p) (10.74) 

X = i>i{p)dt Adu A dv + h' 2 {p)dt + ei{p)dv + e 2 {p)du (10.75) 

where p = (t, u, v) is a point in and where the tilde denotes another possible 
function for the corresponding state. In this notation, we used the fact that a 
scalar product is well dehned for forms and that they admit a complete basis 
upon which they can be decomposed. These two representations can equivalently 
describe the particle content that we wished to have in our theory. Nonetheless, 
it seems natural at this point to choose one, because the notation is more elegant, 
we can simply choose the spinor irrep 4: 

X = i'i{p)dt Adu Adv + U 2 {p)dt + ei{p)dv + e 2 {p)du (10.76) 


However, it seems a bit brutal to throw away an entire irrep that we have just 
constructed. Indeed, recall that in Chapter]^ we saw that in addition to the weak 
doublet, there is an additional pair or barred fermions with opposite quantum 
numbers: 




(10.77) 


If, as we did in the second-order formulation of the SM, we build a doublet out of 
them and give them the correct weak isospin quantum numbers, we can rewrite 
for the 4: 


X = ei{p)dt Adv + e 2 {p)dt A du + h'i{p)du A dv + i' 2 {p) (10.78) 


PhD Thesis 


204 


Johnny Espin 




Chapter 10. Unification 


This is beautifully unified, as we know that in SO{6), we have: 


4 0 4 = 15“'^^' © 1 


(10.79) 


so that we can build a scalar out of these two irreps. Let us look in our case at 
the scalar we obtain: 


XX = {^ 2^1 — + 6261 — 6162 ) dt Adu A dv 


(10.80) 


where we allowed ourselves a change of phase in the definition of the wavefunctions 
to obtain the correct relative sign. This is nothing but the mass term we would 
like to write for a fermion, e.g.: 


e^CA = 6261 - 6162 


(10.81) 


At this point we could try to construct a Lagrangian in terms of these quantities, 
it seems however that they live in a three dimensional space so that the interpre¬ 
tation that is given to the forms must be carefully thought about. This is still a 
current research interest. After this warm-up, we consider the full SM symmetry 
group unihed with gravity. 


10.6.3 The real deal: SU(4)c x SV{2)w x SU(2)Gi? C SO(12) 


In this hnal subsection, we would like to consider all of the SM fermionic section 
(one generation). There are 16 unprimed fermions, and each of them can be 
seen as a SU{2)gr doublet. This amounts to a total of 32 “particles”. To be 
as general as possible, we also consider the primed fermions, which also add up 
to 32 independent objects. We will treat the weak SU{2)w as frozen, however, 
both barred and unbarred fermions are seen as weak doublets as was done in 
Chapter We will therefore talk about the approximate symmetry of the (free 
Lagrangian of the) SM. The smallest group with two 32-dimensional spinor irreps 
is S'0(12) and we wish to describe the embedding: 


^f/(4), X SU{2)w X SU{2)gr C 50(6)^ x SO{<o)wg C 50(12) (10.82) 


So that: 


32 = (4,4) © (4,4), 32' = (4,4) © (4,4) 


(10.83) 
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where the embedding is such that 32 = 32, 32' = 32' and 12 G 32 ® 32' 9 
(6,1) © (1,6). This embedding can be understood as follows: S'0(12) admits 
an SU (6) subalgebra generated by 6 pairs of ladder operators. Its Dirac spinor 
representation will split into two Weyl spinors as before, and we have: 

32 = 32' = A°C® (10.84) 

As far as SO{6) irreps are concerned, recall: 

4 = A°C^ 4 = AX^ (10.85) 


Thus, we have: 


(4,4) e A"C®, (4,4) G AX® 


( 10 . 86 ) 


and similarly for the conjugate representations. 

Furthermore, to see that we can embed all of the SM particle content with the 
right quantum numbers, it is sufficient to check that we can embed two spinor 
irreps of 50(6) that transform independently, in other words, that 3 pairs of 
ladder operators generate the hrst 50(6)c spinor and the remaining three generate 


the weak-gravity SO{6)wg- Indeed, if this is true, then Sections 10.3 and 10.6.2 
allow us to conclude. 

Let us now then proceed with the details of the embedding. We have for the 
generators: 


= = ^ SO{6)wg (10.87) 

= ^,J = 7,...,12 ^ 50(6)e (10.88) 

At the next “breaking” step we have: 


Jij = Aj, = ^ SO{3)w (10.89) 

Ki, = Aj, *,j=4,...,6 ^ 50(3 )gr (10.90) 

But let us focus on the hrst two subalgebras. It is easy to see that: 

[Aj,BA=0 (10.91) 


Also, the Cartan generators of 50(12) being Mi_ 2 , 
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we see that they are equally split into each 50(6). Finally, using (10.64), it is easy 


to see that A^j will be given by bilinears of Ag, Al, s = 1, 2, 3, while Bij will be 
given by bilinears of Ag, Al, s = 4, 5, 6. This nice factorisation happens because 
50(12) belongs to the 50(4m) type of algebras. At this stage, the construction 
of the embedding becomes trivial because we already know which representations 
can appear on each subspace: namely the two Weyl spinors of each 50(6) as 
mentioned earlier. We therefore have as expected: 


32 = ((A"C^ + A°C^), (A"C^ + AX^))^ 

= (AX^AX^) © (AX^A°C^ 


(10.92) 


and similarly for 32'. 


We could conclude this chapter here, but let us carry on for a bit and try to 
construct a Lagrangian for such representations. As we did before, let us denote 
the hrst set of generators for the (colour) forms to be dx, dy, dz , whereas we have 
as before the weak-gravity space generated by dt, du, dv with the dt subspace 
corresponding to the weak isospin quantum number and the dv subspace to the 
spin. The exact dictionary stating which particle corresponds to which form in 


this 6-dimensional complex space can be obtained as was done in Section 10.6.2 


but we will refrain to do so here as no further insight can be gained from it. It is 


simply a generalisation of Sections 10.3 and 10 .6.2 All we need for the argument 
below is that we choose to embed all the unprimed spinors in 32 and all the 
primed spinors in 32'. We will take the point of view that we take seriously the 
interpretation given to us by the forms representations and hence, we will try to 
build a Lagrangian on a 6-dimensional complex space. Using: 


32 © 32 = 1 © A^M^2 © A (10.93) 

32' © 32' = 1 © A^M^^ © A%^2 © (10.94) 

32 © 32'= 12 © A V © A®M^2 (10.95) 


where denotes the rank-6 antisymmetric tensor that satisfies a real (anti- 

)self-duality property. We see that mass terms can be built as expected. Indeed, 
let us denote the spinor irreps: 


|J^)=J^ = 32, |J^)=J^ = 32' (10.96) 
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Then there is a natural pairing that gives us a scalar quantity. In terms of forms, 
it is given by their usual scalar product so that: 

+ {^\^) ~ A4{p)dt A dx A dy A dz A du A dv (10.97) 

where M(p) is a (real) scalar mass function that contains mass terms for all 
fermions and p = {t, x, y, z, u, v) is a point in a 6-dimensional space and with 

(J^l = (10.98) 

is the Hodge dual of the form[^ Let us now assume that we build a kinetic term 
for the fermions using ( |10.95| ). On the RHS we have the 12-dimensional (real) 
vector; the rank-3 (real) antisymmetric tensor with dimension 220; and the rank- 
5 (real) antisymmetric tensor with dimension 792. For a hrst-order Dirac-type 
Lagrangian, we need a map: 


{T\V\T) 1 (10.99) 

where H is a covariant derivative on the space of forms. In order to get a singlet, 
we can for example consider the covariant derivative to be given simply by a 
12 -(real)-dimensional S'0(12) vector because: 

(12(8)12)^3 1 (10.100) 

where s denotes a symmetric Kronecker product. This would be it for a sim¬ 

ple non-interacting Lagrangian in 6-complex dimensions as, indeed we have that 
the simple partial derivative is a (complex) 6-dimensional vectoiQ However, we 
expect the covariant derivative to include gauge-helds as well. Let us assume 
that they transform according to the adjoint representation and that they carry 
a vector index as well, therefore, we write: 

e 12 (8) 66“'^-^'= 12 © 220 © 560 (10.101) 

where the last 560-dimensional representation corresponds to the fundamental 

^In 6 dimensions, the Hodge dual of an even form is an even form. This is why the singlet 
representation appears in the Kronecker product 32 (g) 32 (and similarly with the other spinor 
irrep). 

Tn a 6-dimensional complex space, we would surely expect a kinetic operator of the type 
d-td ~606 = 12. 
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weight (110000). We then have: 

(J|p|jr) = (12 © 220 © 792) © (12 © 220 © 560) (10.102) 


It remains to construct a scalar out of this Kronecker product. In addition to 
(10.100), we also have: 


(220 ©220), 9 1 (10.103) 

All the other Kronecker products do not generate singlets, therefore we can define 
our kinetic term to be: 


Tiiso(i2) = 1 (10-104) 

Where Tr|gQ(.^ 2 ) denotes the usual trace over the algebra, and the trace of any 
non-trivial (he. other than the singlet) representation of the algebra vanishes. We 
see that the only contribution coming from the covariant derivative corresponds 
to: 


•D = 12 © 220 


(10.105) 


where the 12 can be seen as the contribution from the partial derivative, and the 
220 = as the representation in which the gauge-helds live. In terms of 

forms in 6-dimensional complex space, we have: 


220 = A 


_ A3Tn)12 _ 


(A^C® © A^C®) © * (a^C® © A^C®) © A^C® © A^C® 


= (70 © 20) © (70 © 20) © 20 © 20 


(10.106) 


with (A^C® © A^C®) = (A®C® © A'^C®). This can be obtained by looking at 
the decomposition 220 = (32 © 32')^, with 32 = A®C®, and with the additional 
constraint that we want a rank-3 antisymmetric tensor. 

Finally, if in terms of 6-dimensional representations, we assume: 


V = {d + d) + {A + A) 


(10.107) 


We have: 


.A = 70 © 20 © 20 


(10.108) 


PhD Thesis 


209 


Johnny Espin 





Chapter 10. Unification 


Let us summarise what we have achieved here. We have seen that we can embed 
the whole SM symmetry group and gravity seen as a gange theory inside S'0(12). 
Within this gronp, its two spinor representations encapsulate both primed and 
nnprimed fermions in a nnihed way, so that they have the right “low-energy” 
quantnm nnmbers. Due to the equivalence between the spinor representations of 
SO{2n) and forms in n-complex-dimensions, we have seen that there is a possi¬ 
bility to reinterpret the states of the SM taking seriously this equivalence. We 
therefore schematically constrncted, using basic representation theory, a possible 
Lagrangian (hrst-order in this case) for fermions in 6-dimensions. A more detailed 
constrnction of the latter is an ongoing research project. 

10.7 Discussion 

In this chapter we have explored the different nnihcation patterns that can be ex¬ 
plored using (mainly) a second-order approach to fermionc Lagrangians. Indeed, 
the content of these theories differs from the usual hrst-order content as we do 
not need to take into acconnt half of the particles (primed fermions). Further¬ 
more, since in the second-order SM the weak symmetry is frozen, smaller unify¬ 
ing gronps can be found as we have seen with the SO {8) and S'0(9) examples. 
Nevertheless, it is always possible to consider different approximate symmetries, 
where left- and right-handed particles are taken as representation of the same 
weak group. In that sense, these are not GUTs, but rather (once the Lagrangian 
has been written down) approximate symmetries of the theory. Finally, we have 
seen that gravity can also be inclnded in the discnssion, once its description as 
a gange theory has been established. In this case, it is interesting to see that 
we can constrnct higher-dimensional Lagrangians that might be able to repro- 
dnce the “low-energy” content of the SM. It seems that the two extra dimensions 
that correspond to the gravity degrees-of-freedom ought to be integrated-out (by 
means of compactification or any other snitable mechanism), thus recovering a 
four-dimensional spacetime. As mentioned earlier, this is ongoing research. 
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The aim of this thesis was to demonstrate that a second-order formulation of 
fermionic held theories is indeed possible. In order to do so, we took a bottom- 
up approach to the construction of the formalism. We hrst developed the tools 
necessary for the free-held theory of second-order fermions in Chapters and 
There we saw that the hrst-order held equations play a special role in this new 
formalism. Indeed, they are now seen as reality conditions: a constraint that 
should be imposed at the level of the mode-decomposition so as to kill half of the 
solutions of the second-order Klein-Gordon equation. As far as the free-theory is 
concerned, switching from a hrst- to a second-order formalism is merely a change 
of interpretation. The main diherences appear when one considers interacting 
theories, as we saw in Chapters and 

In the second-order formalism, the complexity that arose in the hrst-order prop¬ 
agators and number of helds present in the theory is shifted to the interaction 
vertices. Nevertheless, due to the fact that the new Lagrangians that were ob¬ 
tained only contain unprimed two-component spinors, the theories appear to be 
more compact. Moreover, and more particularly in the case of the Standard 
Model, this led to an entire reformulation of both its bosonic and fermionic sec¬ 
tor. There, we were led to combine the SU{2) singlets into “doublets”, as well as 
to dehne S'f/(2)-invariant combinations from the fermion doublets and the Higgs. 
Similarly, the angular part of the Higgs held was absorbed into the gauge helds to 
produce SU (2)-frozen massive gauge helds. This reformulation of the SM allows 
for a more direct description of its physical content. 

Another interesting aspect of the new SM Lagrangian is that the Higgs held 
appears non-polynomially. The analogy between the Higgs held and the con¬ 
formal factor of the metric was already emphasised in 35 . Indeed, consider 
a Weyl transformation —)■ with, recall, the modulus squared of the 

Higgs held. Under such a conformal rescaling the spinor metric cab transforms as 
^AB —^ P^AB, t p~^e^^. The Dirac operator changes as Daa'Xb —t Daa’Xb — 
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{dBA'^ogp)xA-i see e.g. [^, formula (5.6.15). Then, if we define the transfor¬ 
mation rule for second-order spinors to be Sa —t p~^Sa-i similarly for Sa, the 
quantity Daa'Sb transforms homogeneously e^^Daa'Sb —t p~‘^e^^D aa'Sb) 
with the covariant derivative remaining unchanged. This implies that under such 
a transformation 


y/gDSDS ^^DSDS, (10.109) 

where we have taken into account that y/g -A- p‘^^, and there is an extra factor 
of 1/p coming from the contraction of the primed spinor indices. Similarly, 


^ss^p^ss. 


( 10 . 110 ) 


Thus, we see that, as already observed in 35 for the bosonic sector, the Higgs 


field p enters the fermionic Lagrangian (4.34) as the conformal factor of a trans¬ 
formation g^j^y -A- p'^g^y (there the Higgs field was reabsorbed into the covariant 
derivative so as to give a canonical kinetic term). It would be interesting to un¬ 
derstand the implications of a second-order formulation for fermions on the mod- 
ihcations of the Higgs effective potential in the context of frame-independence 
of General Relativity. This new formalism could possibly affect different Higgs- 


inflation scenarios that depend on the parametrisation of the potential 51 53 . 


In the third part of this thesis, we developed the tools necessary to carry out per¬ 
turbative calculations in the two simplest theories: Dirac and Majorana-Weyl 
Electrodynamics. As we have mentioned above, in the case of second-order 
fermions, the complexity of the hrst-order propagator is shifted to the interaction 
vertices. As a matter of fact, the former becomes a simple scalar-type propaga¬ 
tor, while the latter now contain derivatives (cubic vertex). Furthermore, there 
is now a four-valent interaction, which although very simple (it takes the form of 
an identity operator over vector and spinor representations), is of the uttermost 
importance. Indeed, the effect of integrating-out half of the fermions (in our 
convention, primed spinors) is that these excitations are effectively set on-shell. 
In perturbation theory, the propagating internal primed fermions that are con¬ 
strained to satisfy their hrst-order held equation “resonate” so as to contract their 
propagator into a quartic vertex. We saw explicitly how this happened in Chap¬ 
ter 1^ for the case of Compton scattering. Therefore, we see that including this 
quartic vertex ensures that the scattering amplitudes that are computed using 
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the second-order formalism are equivalent to the results obtained using the usual 
hrst-order formulation. Nonetheless, we also saw that (at tree level), this new 
quartic vertex could be forgotten as long as a new set of rules to construct the 
scattering amplitudes was followed. More details on this procedure are described 
in Appendix In Chapter we have also developed a few textbook examples of 
loop calculations in order to emphasise that, even at loop level, the equivalence 
between the formalisms is maintained. There the quartic vertex plays the same 
role as at tree-level. 

It must be noticed that perturbative calculations in the second-order formalism 
are much more economical than in the hrst-order framework. This is not only due 
to the fact that we are dealing with half the number of helds, but also to the fact 
that we are working with two-dimensional spinor irreps (as compared to the four 
component Dirac spinors). The algebra of gamma matrices has effectively been 
taken care of, so that all that is left to calculate is spinor contractions. In the 
case of two-component hrst-order spinor Lagrangians, the algebra computations 
are also simpler, however, there one has to deal with a huge amount of Feynman 
diagrams. In our formalism, the presence of extra diagrams containing quartic 
vertices is much less cumbersome. 


Finally, in the last part of this work we covered some advanced held-theoretical 
aspects that are specihc to the second-order formalism. A deeper and more 
specihc discussion about each of these topics can be found in their respective 
chapters, we summarise here the main points. In Chapter we explored the 
calculation of the anomalies that could arise in this framework. The hnal result 
is equivalent to its hrst-order counterpart, however, both the perturbative and 
non-perturbative calculations have to be carefully conducted. 

In Chapter we showed that the second-order theory is unitary even though its 
Lagrangian is not Hermitian. Any other result would have been a hard blow to 
the formalism. Moreover, the results and methodology derived in this thesis may 
lead to new insights on the development of diherent theories described by complex 
helds upon which reality conditions need to be imposed. Such an example would 
be an SU (2) connection description of gravity, for which no dehnitive answer has 
been found yet. 


The last results we presented in Chapter 10 can be tied to the ideas that were 
hrst introduced in Chapter Indeed, after a very compact Lagrangian for the 
fermionic section of the SM was obtained, it seemed natural to explore this di- 
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rection further. This led to the results in the former chapter. There we showed 
how a different interpretation of the particle content of the SM could lead to new 
unification patterns. In addition to this, once gravity is included in the game, in¬ 
teresting new aspects coming from the symmetry groups appear. Indeed, spinor 
irreps of SO{2n) groups admit a representation as forms in n complex dimen¬ 
sions. With gravity being added to the picture, it seems natural to look at four 
(when available) of those dimensions as spacetime, while the rest can be thought 
of as compactihed or “frozen” or “UV” dimensions. This idea is currently being 
investigated. 

To conclnde this thesis, we hope this work will motivate new research directions 
in the framework of second-order fermionic held theories. A few aspects were 
discussed here, while possible future lines of research were also mentioned. Nev¬ 
ertheless, we believe the topic to be very vast, and possibly tied to many other 
research areas such as Scattering Amplitudes, Twistors or PT symmetric theories 
to just mention a few. 
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Appendix A 


Two-component spinors 


A.l S0(l,3) ~ SL(2,C) 


The Lorentz group S'0(l,3) acts on Minkowski spacetime with signature 

convention (— ,+,+,+)Q via: 


—)■ x^ = {t, X, y, z) E M^’^. 


Let us form from the components of x^ an Hermitian 2x2 matrix|^ 


^ 1 I t — z X + iy 

a/2 \ X — iy t + z 


= X 


(A.l) 


It is not hard to see that: 


2 det{X) = t-X-y-z=-rif.^x^x'", = diag(-l, 1,1,1) (A.2) 


Moreover, one can show that any Hermitian 2x2 matrix is of this form for some 
t, X, y, z. Thus, Minkowski spacetime can be identified with the space of 
Hermitian 2x2 matrices: 


~ X G Mat(2 x 2) : = X 


(A.3) 


^and orientation _ _|_2^ 

^The normalisation is chosen for later convenience. 
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Consider now the group SL{2, C) of complex 2x2 matrices with unit determinant: 


SL{2, C) 3 = I 1 , ad — be = 1 

cd 


(A.4) 


This group acts on the space of Hermitian matrices via: 


X^gXg 


t 


(A.5) 


It is clear that this action preserves det(X) (because det( 5 f) = 1), and preserves 
the space of Hermitian 2x2 matrices. Thus, this gives a norm-preserving action 
of S'L(2,C) on Minkowski spacetime, and thus an embedding of S'L(2,C) into 
S'0(1, 3). Since the element g = —1 & SL{2, C) is sent to the identity in S'0(1,3), 
this embedding can be seen to be a 2 —)■ 1 covering map. 


A.2 Spinors 


There are two inequivalent fundamental 2-dimensional representations of the 
group SL{2,C). Both are isomorphic as vector spaces, but with a different ac¬ 
tion of SL{2,C). Consider a column with entries being two arbitrary complex 
numbers: 





(A.6) 


Such a column is called a spinor. There is a natural action of SL{2, C) on ^ given 
by: 


^^g^ geSL{2,C) (A.7) 

Spinors on which the Lorentz group SL(2, C) acts as above are called unprimed. 
However, there is yet another natural action of SL{2, C) on the space of spinors. 
This is given by: 


^^g*^ geSL{2X) (A.8) 

where g* is the matrix consisting of complex conjugates of a,b,c,d. Spinors on 
which SL{2, C) acts this way are called primed. In order to avoid confusion we 
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shall label primed spinors by a symbol with a bar over it, which is why the spinor 
in the above formula is denoted by Unprimed and primed spinors constitute 
two fundamental (inequivalent) representations of SL{2,C). The corresponding 
representation spaces (spaces of unprimed and primed spinors) are denoted by: 

unprimed G primed ^ G (A.9) 

This notation has to do with the fact that a general (hnite dimensional) rep¬ 
resentation of the Lorentz group SL{2,C) is specihed by two half-integers j,j'. 
The corresponding representation space is denoted by Thus, the repre¬ 

sentations realising the unprimed and primed spinors are the simplest possible 
ones. 

We note that the above dehnitions of the action of SL{2,C) on unprimed and 
primed spinors imply that the complex conjugate of an unprimed spinor is a 
primed one. 


Index notation 

It turns out to be very convenient to introduce a certain spinor index notation. 
In this notation we represent the matrix g G SL{2, C) by qa^, where A, B = 1,2 
are the spinor indices. An unprimed spinor is denoted by and the action of 
SL{2, C) on ^ is given by: 


Ca -t gA^^B (A. 10) 

The index notation is developed in order to avoid thinking which of these two 
indices corresponds to rows and which to columns, and so this is left unspecihed 
(even though is not hard to deduce from the fact that was a column). Similarly 
for the primed spinors, we introduce a new type of spinor indices A', B' = 1, 2, so 
that a primed spinor is denoted by . The action of SL{2, C) on primed spinors 
is then: 




B' 


Here g"^ = {g'^)* is the Hermitian conjugate of g. 


(All) 
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The spinor metric 

The determinant condition det( 5 ') = 1 can be rewritten as: 

1 = (A. 12) 

where and similarly cab = —^ba sire anti-symmetric tensors. This 

is easily shown to be equivalent to: 


,AC^ B^ D _ CD 

e gA gc — ^ 


(A.13) 


Thus, is an S'L(2, C)-invariant metric in i/d/ 2 , 0 )^ following bilinear 

form in the space of unprimed spinors is S'L(2, C)-invariant: 

«,A) = KA):=-€"‘%Ab (A. 14) 


The minus sign is introduced here for future convenience (we will later develop 
index free notations where it will disappear). Note that this bilinear form is 
anti-symmetric, and so the norm squared of any spinor is zero: 

(e,O=0 (A.15) 


Similarly, one introduces an SL{2, C)-invariant metric e^'s' in the space of primed 
spinors, as well as an S'L(2, C)-invariant bilinear pairing: 

[e,A]^p]:=e^'P'e^,s' (A.16) 


Note that we denoted the primed inner product by square brackets, while the 
unprimed spinor product was denoted by the usual round brackets. This will be 
convenient below. 


Raising and lowering of spinor indices 

Using the invariant metrics in y( 0 , 1 / 2 ) ggj^ dehne an operation of 

raising and lowering of indices. Thus, to raise an index of an unprimed spinor we 
dehne: 





(A.17) 
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To lower a spinor index we need the inverse of the metric which we dehne 
via: 


^AB ■ (A. 18) 

where 5a^ is the Kronecker delta. We would like the spinor obtained above 
with its index lowered to be the original spinor which is achieved via the 
following dehnition: 


(A.19) 

Note that in these formulas the upper index to the left is contracted with a lower 
index to the right, which is the rule how these formulas can be memorised. 

One dehnes similar raising and lowering of primed indices via e^/ b' and its inverse 
dehned via: 


A'B' 


^A'B' r B' 

■ e eA'c = oc 


(A.20) 


Thus, we have: 


:= i^'eB'A'. := e^'^'^B' (A.21) 

Note that the operation of raising-lowering a pair of spinor indices is now not 
innocuous: 


r aa = -^A^ 


(A.22) 


Now that we understand how the spinor indices can be raised and lowered, we 
can write down a formula that summarises the effect of the complex conjugation 
on an unprimed spinor. Indeed, from ( |A.8 ) we see that the complex conjugate of 
an unprimed spinor transforms under SL{2, C) as a primed one. We write: 


= (Da' 


(A.23) 


Thus, the rule is that under the complex conjugation the unprimed spinor index 
gets replaced by a primed one, whose symbol is the original symbol with a sign 
of complex conjugation added. 
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The soldering form 

If we write the Hermitian 2x2 matrix X in the spinor index notation as Xa^' , 
it can be written as a linear combination of 2 x 2 matrices times the components 
of the 4-vector x^. This dehnes the following object: 

(A.24) 


The object is called the soldering form. It provides an isomorphism between 
the space of Hermitian 2x2 matrices Xa^' and Minkowski spacetime whose 
elements are x^. Note that the matrix Xa"^' transforms (A.5) as a vector in the 
irreducible representation space Thus, the usual 4-vectors x^ are seen 

to form an irreducible representation of the Lorentz group more complicated than 
the spinor representations. You need two spinors (unprimed and a primed one) 
to get a vector! 

Note that the soldering form is Hermitian. This property is best written for the 
soldering form with both its indices raised: 



* 



(A.25) 


Now, computing the determinant of Xa'^' we get: 

det(X) = (A.26) 

On the other hand, the same determinant is equal to half of —rjn^x^x'^. Thus, we 
see that the following relation between the Minkowski metric and the soldering 
form holds: 




n A'n B'AB^ 

m^A e eA'B' 


(A.27) 


The spinor basis 

It is very convenient to introduce in each space a certain spinor 

basis. Since each space is (complex) 2-dimensional we need two basis vectors for 
each space. Let us denote these by: 

OA, ^A e ^A' ^ ^(0,1/2) ^a.28) 
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Note that we shall assume that the basis in the space of primed spinors is the 
complex conjugate of the basis in the space l/d/ 2 , 0 ). 

o^' = (o^)* (A.29) 

The basis vectors are pronounced as “omicron” and “iota”. Since the norm of ev¬ 
ery spinor is zero, we cannot demand that each of the basis vectors is normalised. 
However, we can demand that the product between the two basis vectors in each 
space is unity. Thus, the basis vectors satisfy the following normalisation: 

/.^OA = 1, = 1 (A.30) 

Of course, a spinor basis in each space y{ 0 , 1 / 2 ) jg dehned up to an 

SL{2,C) rotation. Any SL(2,C) rotated basis gives an equally good basis, and 
it can be seen that any two bases can be related by a (unique) SL{2, C) rotation. 
Once a spinor basis is introduced, we have the following expansion of the cab 
symbol; 


^AB = Oa^B — I'AOb 


(A.31) 


A similar formula is also valid for eA'B'- 


The soldering form in the spinor basis 

The following explicit expression for the soldering form 9^a^' in terms of the basis 
one-forms and the spinor basis vectors o^', can be obtained: 




V2 





(A.32) 


Here we have given a formula for the soldering form with its both spinor indices 


raised. This expression encodes the same information as in the formula (A.l) for 
Xa'^' in terms of a matrix. However, one now never needs to think about what 
corresponds to column and what to a row, and can manipulate with the spinor 
objects in a completely algorithmic (algebraic) fashion, which is convenient. Note 
that the above expression is explicitly Hermitian. 
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A doubly null tetrad 

Collecting the components in front of equal spinor combinations in the above 
formula for the soldering form we can rewrite it as: 

+ fh^i^o^' (A.33) 

where 

, “b •2/1 2^ ^'/t “b iHfj, _ X^ ^V/i 

^, nn = -^—, rrin = -^—, rua = -^— 

72 72 

(A.34) 

Note that Z, n are real one-forms, while = m*. The above collection of one- 
forms is known as a doubly null tetrad. Indeed, it is easy to see that all four 
one-forms introduced above are null, e.g. = 0. The only non-zero products 
are: 


Fun = — 1 , m^rria = 1 


(A.35) 


Thus, the Minkowski metric can be written in terms of a doubly null tetrad as: 


^7/111 = -b 


(A.36) 


which can also be verihed directly by substituting (A.33) into the formula (A.27) 
for the metric. 


Grassmann spinors 

We have seen that the norm of any spinor is zero. This is due to the fact that 
the spinor metric is anti-symmetric and so: 

(7 7 = = 67 - 76 = 0 (A.37) 

However, this is so if the spinor components commute: 66 = 67) which is the 
case for ordinary spinors. Let us now introduce a new type of spinors, whose 
components anti-commute: 


76 = -67 


(A.38) 
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Numbers that anti-commute are known from algebra, and form the so-called 
Grassmann algebra. In the case of two-component spinors we introduce a Grass- 
mann algebra generated by two anti-commuting generators ^ 1 ,^ 2 - These are re¬ 


quired to anti-commute with each other (A.38), but also with themselves: 


= -66 


(A.39) 


and similarly for ^ 2 - This, in particular implies that each generator 6)6 is 
nilpotent: 


66 = 0 , 66 = 0 (A.40) 

Going back to spinor index notations, we dehne a Grassmann-valued (unprimed) 
spinor so that it satishes: 


= -^B^A (A.41) 

i.e., anti-commutes with itself. For such a spinor its norm (squared): 

(6 = 2 ^ 26^0 (A.42) 

If we have a collection of Grassmann-valued spinors ^a, ^a, ■■ ■ these anti-commute 
with themselves and between each other: 

^A^B = —^B^A (A.43) 

Primed Grassmann spinors are dehned analogously. They anti-commute with 
themselves, with other primed spinors, as well as with unprimed spinors. 

Finally, let us dehne the action of the Hermitian conjugation on the Grassmann- 
valued spinors (we cannot talk about complex conjugation anymore, as Grassmann- 
valued spinors are not numbers; we need Hermitian conjugation instead). We 
have: 


K/iAfi)' = (AB)t(a)t = (A.44) 

Thus, the Hermitian conjugation acts on spinors as on operators, in that the 
Hermitian conjugates of all operators are taken in the opposite order, as one is 
used to in quantum mechanics. 
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Index-free notations 

As is usual in the 2-component spinor literature, we shall sometimes use an index- 
free notation: 


= = = (A,45) 

Thus, if no indices are shown in a fermionic contraction, this means that the 
natural contraction is used, i.e. unprimed spinors are contracted as in and 
primed spinors are contracted in an opposite way as This is a natural 

convention, for we have: 


(AO^ = e^At (A.46) 

Sometimes, when more than two spinors are present in an index-free formula, 
it is necessary to put brackets around spinors to make it clear which pairs are 
contracted. Then we use round brackets to denote contractions of unprimed 
spinors and square brackets for contractions of primed spinors. 

Self-dual two-forms 

The following self-dual two-forms play a very important role in the second-order 
formulation of fermions. They are defined as: 

^AB ^ ^ gBA' ^^ 47 ^ 

Explicitly, in terms of the null tetrad and the spinor basis we get: 

= I Am 0^0^ + fh An + {I An — m A 7 n)i^^o^^ (A.48) 

This formula can be used to derive all the necessary identities involving the self¬ 
dual two forms. 


SU(2) spinors 

We will need SU{2) spinors when we consider the Hamiltonian formulation of 
any of our fermionic theories. Our conventions here are reminiscent of those 


in Appendix A of 54 , but there are some differences. In particular, we use a 
Hermitian tetrad, while the convention in (54) is that the tetrad is anti-Hermitian. 
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Let us first consider ordinary, non-Grassmann-valued spinors. To define SU{2) 
spinors we need a Hermitian positive-definite form on spinors. This is a rank 
2 mixed spinor Ga'a- Ga'a = Ga'a, such that for any spinor we have 
X^'\^GA'A > 0. Here A"^' is the complex conjugate of A^. We can dehne the 
SU{2) transformations to be those SL{2,C) ones that preserve the form Ga'a- 
Then Ga'a dehnes an anti-linear operation -k on spinors via: 

(A*)^ := G^^'Xa' (A.49) 

We require that the anti-symmetric rank 2 spinor sab is preserved by the -k- 
operation: 


(A.50) 

which implies the following normalisation condition: 

Gaa'G"^ b = ^ab (A.51) 

Using the normalisation condition we hnd that (A**)"^ = —A"^ or: 

*2 = -1 (A.52) 

Thus, the T*r-operation so dehned is similar to a “complex structure”, except for 
the fact that it is anti-linear: 

(A.53) 

We note that using the T*r-operation we can rewrite the positive-dehnite quantity 
X^'X^GA'A as follows: 


x^'x^Ga'a = XA{xy^ > 0 


A 


(A.54) 


Now for the purpose of 3-1-1 decompositions to be carried out below, we need to 
introduce a special Hermitian form that arises once a time vector held is chosen. 
We can then consider the zeroth component of the soldering form: 






( „AA' 


.A,A' 


(A.55) 
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It is Hermitian, and so we can nse a mnltiple of 9^^' as . It remains to 


-lAA' 


satisfy the normalisation condition (A.51). This is achieved by: 


:= ^9^^' 


(A.56) 


We then define the spatial soldering form via: 


AAB ^AA' niB 
CT .= Lr u A' 


(A.57) 


which is antomatically symmetric becanse its anti-symmetric part 

is proportional to the prodnct of the time vector with a spatial vector, which is 
zero. Explicitly, in terms of the spinor basis introdnced above we have: 


^lAB ^ -m^oAOB + mhALB + -^{I'AOb + OAiB) 
The action of the T*r-operation on the basis spinors is as follows: 


(A.58) 


= A. 


[GA = -O^ 


(A.59) 


It is then easy to see from (A.58) that the spatial soldering form so defined is 


anti-Hermitian with respect to the -k operation: 




iAB 


(A.60) 


The following property of the prodnct of two spatial soldering forms holds: 


Below we will also often nse the following related qnantities : 


(A.61) 


T)A := IA^Aa 


B 


(A.62) 


which have the following nicer algebra: 


TAtIA = -AAa^ + 


(A.63) 


Now, nsing the Hermitian form (A.56), we extend the ^-operation defined above 


to Grassmann-valned spinors. Thns, we dehne a new operation on Grassmann- 
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valued spinors which is a combination of the usual Hermitian conjugation f acting 
on a Grassmann-valued fermion with the operation of converting the primed index 
into an unprimed one: 


(A*)^ (A.64) 

This operation is of importance when we discuss the 3+1 decomposition of the 
standard Weyl and Dirac actions. 
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Pauli and gamma matrices 

B.l Soldering-form v. Pauli and gamma matri¬ 

ces 

It would be useful for the unacquainted reader to have a dictionary between com¬ 
monly used quantities such as the Pauli and gamma matrices, and the soldering 
for which is extensively used throughout this thesis. In order to do so, we recall 
briefly some properties of the former. Dirac gamma matrices satisfy the Clifford 
algebra: 

{7^7"} = -2^^" (B.l) 

so that ( 7 '’)^ = 1, ( 7 *)^ = —1- We can then choose extra hermicity constraints 
on the matrices such that these still satisfy the algebra. They are: 

( 7^)1 ^ 

The matrix 75 is dehned: 

75 = (75)^ = 75 (B.3) 

and finally the generators of the Lorentz group: 

(B.4) 

The Pauli matrices are generators of the spin 1/2 representation of SU{2) and 
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are defined by their algebra: 

(B.5) 

These are related to the gamma matrices through their extension to four dimen¬ 
sions: 

= (1,-her*), = e^((T'*)*e = (1,-(T*) (B.6) 

They satisfy: 

a^a'' + (B.7) 


which leads to: 

(B. 

This is the Weyl or chiral representation of the gamma matrices which allows us 
to decompose Dirac spinors into two irreducible spinors. The Lorentz generators 
in each representation are then given by: 

= -crl^d**] d^'^ = (B. 

2 2 ^ 

Finally, these quantities can be connected to the soldering form and self-dual 
two-forms. We introduce an index notation for the sigma matrices: 


7^ = 


0 


a'' 


0 


■= (B.IO) 

We have then: 

t:^u\A'A A'(_a\* ,BA ii\ 


And their algebra can written as: 

- 2i{anA^, b' = b ' - 2t{aY' b' 

(B.12) 


It is now possible to identify: 
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(a^)AA' 

So that: 

B.2 Gamma matrices algebra 

When dealing with gamma matrices, we work within the mainly plus signs sig¬ 
nature, and within a dimensional regularisation framework (whenever allowed). 
We therefore have spacetime indices denoted by greek letters than run from 0 to 
D — 1, e.g.: = 0,..., D — 1. On the other hand, the internal spinor space 


can be taken as four dimensional. We then have: 

{7^ 7"} = -27^%, 7'‘7m = -Dh (B.15) 

We then have the following identities that we need in our calculations: 

7''7“7^7/. = 4?7“^l4 -{D- (B.16) 

Tr (7“7V7/.) = -^D - (B.17) 

Tr ( 7 “ 7 '^ 7 ^ 7 '^) = (B.18) 

Tr (7S''7''7“7'^) = (B.19) 


where is a symmetric tensor. For our purposes, we will not need any other 
identity involving the gamma matrices. 


V^^AA' 

B' 


(B.13) 
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C.l Four-dimensional Euclidean space 

In order to work with a path-integral formulation, we need to regularise the inte¬ 
gration by switching to an Euclidean signature. Therefore, we continue analyti¬ 
cally all our quantities into Euclidean space such that X 4 = ix^, 84 = —ido, 74 = 
ijo and A 4 = iA^. In terms of gamma matrices, we now have: 

{ 7 ^, 7 ''} = -2(5^'^, 75 = -ySV7^ ( 75 )^ = 75 (C.l) 


The only calculation that will be carried out using Euclidean space and gamma 


matrices will be the anomaly in Section 8.3.2 More details about the formalism 
can be found there. In this appendix we will focus on developing the Euclidean 
formalism for two-components spinors. 


C.2 Euclidean space and two-component spinors 


We repeat the main steps of Section |A.1[ this time using an Euclidean signa¬ 
ture for our space. Let us shortly recall that we can form from the (complex) 
components of a 2 x 2 matrix: 


X = 


1 

72 


t — z X + iy 
X — iy t + z 


(C.2) 


We earlier saw that for a real x^, the matrix is Hermitian = X and that any 
Hermitian 2x2 matrix is of this form for some t, x, y, z. We also saw that we 
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have: 


2 det{X) =t‘^ - - z'^ = 77 ,,,, = diag(-l, 1,1,1) (C.3) 

Thus, Minkowski spacetime can be identified with the space of Hermitian 
2x2 matrices: 

~ X e Mat(2 X 2) : = X (C.4) 

We know define the Euclidean version of the above formulas. In order to do so, 
we must first define an Euclidean spinor conjugation. Above we had the usual 
Hermitian conjugation that sent a spinor to its complex conjugate: 

= ai^ + /3o^ ^ w^' = di^' + i5o^' (C.5) 


and that defines an isomorphism S'0(l,3) ~ S'L(2,C)/Z2. In this case, we want 
the isomorphism to be S'0(4) ~ SU{2) x SU{2 )/Ij2 , so that our conjugation 
should not mix the two SU (2) spinors subspaces and be invariant over the latter. 
Therefore, we seek two maps 

+ /3o^ !-)■ w^, w^wa = ad + 1313 (C.6) 

+ 3o^' !-)■ z^', za'Z^ = 77 + 55 (C.7) 

So that the two SV (2) inner products are left invariant. Using 1 ^ 0 a = 1 = oaa 
we obtain: 

= ai^ + = + d(-o^) (C.8) 

z^' = 77 .^' + 5o^' !-)■ z^' = 5(— 7 ."^') + (C.9) 


We see that our new conjugation is also antilinear but does not interchange primed 
and unprimed indices. Also, it is easy to see that: 

(C.IO) 

Finally, one can show that (see below) imposing X = X is equivalent to requiring 
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that = {it, X, y, z) should be real. Calculating 

X^a'^'^'a = (itf + = diag(l, 1,1,1) (C.ll) 

shows that Euclidean space can be identihed with the space of 2 x 2 matrices 
that are self-adjoint under the above conjugation: 

~ X e Mat(2 X 2) : X = X (C.12) 

We can make explicit the isomorphism by considering the group SU ( 2 ) of unitary 
transformations: 

SU(2)3g= r" , |ap + |/3p = l, a,/3eC (C.13) 

[ /3 a J 


This group acts on the space of self-adjoint matrices via: 

X ^ LXR 


(C.14) 


where L and R act on two different SU (2) representations (left and right handed). 
It is clear that this action preserves det(X) (because det( 5 f) = 1, g = L,R), and 
preserves the space of self-adjoint 2x2 matrices by construction. Thus, this 
gives a norm-preserving action of SU{2) x SU{2) on Euclidean spacetime, and 
thus an embedding of SU{2) x SU{2) into S'0(4). Since flipping the sign in both 
rotations does not change the way the group acts, this embedding can be seen to 
be a 2 —)■ 1 covering map. As before, we write 

= e^A^'x^ (C.15) 


The Euclidean version can be obtained from a Wick rotation of the Minkowski 
version by noting r = X 4 = ix^ = it, r G M and 6*4 = —iO^. This allows us to 
rewrite, as in the Minkowski case, the soldering form in terms of a doubly null 
tetrad: 



n^o^o^' 


.A,A' 


X.A' 


™ .A^A' 


(C.16) 
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where 

UfM = 


-ir^ + 


V 2 


n,. 


iTf, + Zf, 

V2 


m,. 


Xf, + ^y^, 




Xfj, it/fj, 

~V^ 

(C.17) 


Note that now n = n* as m = m*. The only non-zero products are: 

= 1, m^fh^ = 1 (C.18) 

Thus, the Euclidean metric can be written in terms of a doubly null tetrad as: 




(C.19) 


Using the formula for the soldering form (C.16) as well as 




(C.20) 


and the antilinearity of the conjugation, it is now straightforward to verify X = 
X. Furthermore, this can trivially be extended to the statement that for any real 
vector we have V = V. The reader might have noticed that this conjugation 


is related to the SU{2) conjugation that we encountered (A.64). Indeed, recall 
that 


+ L^L 


A A' 


.A.A' 


(C.21) 


The conjugation (A.64) that makes use of this matrix precisely acts on the spinor 


basis as this “newly” introduced Euclidean conjugation. This is no coincidence 
as we are dealing, in Euclidean space, with SU (2) spinors. 
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Appendix D 


Feynman rules: from first- to 
second-order formalism 


In this appendix, we make explicit the equivalence of the two formalisms at the 
perturbative level using examples that have already been carried out in the main 
body of this work. We therefore remind the reader of the different Lagrangians 
and Feynman rules with which we are dealing and repeat a few simple calcula¬ 
tions, this time in both formalisms, while explaining their link. 


D.l Dirac fermions 

Dirac Lagrangian 

Second-order 

Recall that the Lagrangian for the fermionic sector of second-order Quantum 
Electrodynamics is given by: 

L = -2Da'\aD^'^^b - (D.l) 

with 

= {df, - D^x = + ieA^)x, (D.2) 
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where we included the electromagnetic coupling |e| 1. The Lagrangian can be 

expanded so that: 


C 


Cn -\- C-i 


int 


(D.3) 


with 

^0 = (D.4) 


and 


Cint = 2ieA^^ {xAidA'^^s) + ('9a'^X-b)'Ca) — b'A^ bX^^a (D.5) 


First-order 

The Lagrangian can be written in terms of two-component spinor helds, and 
reads: 

^Coirac = -iV^XA'D^'^XA “ iV2^\,D^'^^A “ m{x^^A + (D.6) 

with 

= V2eA^^' [xWa - ^Ua) (D.7) 


Propagator and Feynman Rules 

Second-order 

To extract the propagator for the spinor helds, let us rewrite the free part of their 
Lagrangian as: 


ijCoirac = Xa (-□ + 


Then the inverse of the quadratic operator is: 

(0|T{^a(p)xb(-p)}|0) = D{p)ab = ^2 


(D.8) 


(D.9) 
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where, the held sits at the end of the directed line. The Feynman rules for the 
vertices are: 


{0|>l-’'.4(?)Xfl(p)&(i)|0> ^ 
{0|A'‘'4(9i)A'’'Bte)xo(pfe(A^)|0>^ 


First-order 

In this case we have four propagators: 

{ 0 |T{a(p)?t(-p)}| 0 ) 

{0|r{xA(p)x!i.(-p)}|0) 

{o|T{d(p)xi,.(-p)}|o) 

{o|r{a(p)xB(-p)}|o) 


2ie 

kc^ esA + Pb^ ecA 

(D.IO) 

—2ie^e^ ^ eAB^CD 

(D.ll) 


• /X Pa'a 

- 

pZ _j_ ^z 

(D.12) 

■ fA PA'A 

- 

pZ _j_ ^z 

(D,13) 

^A'B' 

= 2 , 2 
pZ _|_ ^z 

(D.14) 

^AB 

= 2 , 2 

(D.15) 


We follow 29 for Feynman diagrams’ conventions: an outgoing arrow denotes a 
primed fermion whereas an incoming arrow denotes an unprimed one. Moreover, 
the rule for the spinor contractions is that we climb up the charge arrows. The 
sign in the momentum propagators denotes a momentum how antiparallel to the 
contraction arrow (Fig|D.l[). 


A ^ A’ 

Figure D.l: Momentum propagator diagram 


In the case in which there is one or several mass propagators (two outgoing or 
two incoming arrows on the same propagator), we follow the direction dictated 
by the rest of the graph {e.g. previous external fermion or momentum propaga¬ 
tor). Notice that in the case where we have a mass propagator in between two 
momentum propagators, once we climb up the charge arrow of the hrst momen¬ 
tum propagator, the second one will be climbed down. This does not ahect the 
calculation of the diagram since we are working with an explicit index notation 
and the “charge arrow rule” simply allows us to set signs consistently among 
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diagrams. The interaction vertices with the current are given by: 
{0\A-^'A(,<l)x'‘’'{p)x‘^(k)\0) -X -iV2e 

(0|/l^'V«)ft»'(p)?'^(«:)|0) ^ +iV2e 

Tree level and the quartic vertex 

We reconsider Compton-scattering, as we said, the hrst tree-level process in which 
the new quartic vertex comes into play. In Chapter we saw that both formalisms 
led to the same result. This was most easily seen after we performed a simple 
trick that we recall here for this example. Dehne the reduced channel amplitudes: 

msr-= {si + m^)Ms, (D.17) 


where m is the mass of the fermion in the channel. Then, the amputated ampli¬ 
tude for a two-fermions-two-photons process with momenta ki is: 


M{Si,S 2, {ki}) 


(si m 2 ) (s 2 m 2 ) ^ 

{h}) ^ ^^2(^2 = -m^,{ki}) 
(si -h m2) (s2 m2) 


(D.18) 


where V 4 is the quartic vertex. We will see that this trick is enough to show the 
equivalence of amplitudes at tree-level. In the following we will see how this rule 
generalises for loops involving the four-vertex. 


Loops equivalence 

In Chapter we computed the photon two-point function in the second-order 
formalism. We now compute the same quantity in the hrst-order two-component 
Dirac formalism. In that case, there are four diagrams: two in which both 
propagators incorporate the momentum contribution (the vertices are denoted 
by- xx'^ x^x) and two in which both are mass insertions —)■ 

X'^Xj X^X This immediately leads to: 


f d^p 

P^'b{p + k)^'A + {p + k)^' bP^'a + rri^e^'^'eAB 

1 (27r)^ 

[p2 -|- 77^2] [(p -|- k)'^ -)- 7772j 


(D.19) 
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This is the same amplitude as in the second-order formalism. Notice though, that 
we needed shift freedom obtained through dimensional regularisation in order to 
match them. 

All in all, we come to the conclusion that the two formalisms can be matched into 
each other. Furthermore, it is worth stating that, in the second-order formalism, 
one could consider only diagrams containing cubic vertices with an additional 
rule (at tree level): wherever there is a contraction in the numerator leading to a 
propagating momentum squared, the latter is set on-shell. This is understood in 
the sense that the quartic vertex encodes the information that used to be carried 
by the primed fermions. Those propagators containing mass insertions of the 
primed spinors have been set on-shell and contracted to form quartic vertices. 
Hence, when we consider only unprimed propagating degrees of freedom in the 
cubic vertices, we obtain the correct amplitude, up to some resonances in the 
virtual particle^ that have to be accounted for. Below we will see how this 
happens in the case of non-trivial loop diagrams. 

D.2 Majorana-Weyl theory 

The photon two-point function calculation develops in the same way as for the 
Dirac fermion. The first non-trivial result arises when one considers the triangle 
anomaly diagrams. This calculation will mimic what was done in Chapter 

First-order Lagrangian 

We start with a massive Majorana spinor coupled to an external vector field (we 
forget about gauge symmetry for a bit). Indeed, our aim is to link the first-order 
calculation to the second-order one and to expose the behaviour of the diagrams 
containing a quartic vertex. The Lagrangian is given by: 

/:Maj = -tV2\l,D^'^XA - (D.20) 

with 

D^'^Xa = {d- ieA)^'^ Xa (D.21) 

^Recall that the reality conditions are ^ go that an on-shell primed spinor in a mass 
insertion propagator will lead to a resonance -A p^. 


PhD Thesis 


243 


Johnny Espin 





Appendix D. Feynman rnles: from first- to second-order formalism 


First-order perturbative calculation 


The anomaly can be compnted in perturbation theory by means of Feynman 
diagrams. Indeed, one shows that the divergence of the current has a non-zero 
matrix element to create two photons, where the amplitude which is considered 
is given by: 


{ki,k2\jA{x)\0) = {ki)ec9 {k2)Mi^]^c'iki, k2) 
{kuk2\p-j{x)\0)^0 (D.22) 


We briefly translate the two-component anomaly calculation of 
tation. The Feynman rules are as follows: 

29 into our no- 

(0|A^,(p)Aa( p)|0 )= ^2 + ^2 

(D.23) 

(0|T{A^,(p)Al3,( p)}|0) _ *^2 + ^2 

(D.24) 

(0|T{AVp)AB(-p)}|0>^-i^^^ 

(D.25) 

(0 A"^'A(g)A^'®'(p)A‘^(/c) 0) -)■ iV2e 

(D.26) 

We have one momentum propagator and two mass-insertion propagators as well 
as one cubic vertex and the rule for contracting the indices are as above (climbing 
up the arrows and consistently contracting any mass insertion). 


Taking into account the two orientations for the triangle diagrams, and denoting 
the incoming photons by spinor indices {AA'), {BB'), {CC') and their massless 
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Appendix D. Feynman rules: from first- to second-order formalism 


momenta fci, k 2 , k^- 


iM^^\k2, ks) = 8e^ 


8e^ / ^ ^ _ - _ ^ __ _ __ 

J ( 27 r)^ {q — ^2)^ + {q + k^)^ + 


/ 



(D.27) 


This amplitude leads to the usual anomalous conservation of the current in the 
massless limit. Note that dimensional regularisation is not used here as it leads to 
some subtleties in the definition of the integral^ Before continuing the analysis 
of the amplitude, we will first derive the same amplitude in the second-order 
formalism. 

Second-order Lagrangian 

We will now carry out the calculation for a Majorana fermion in a second-order 
formalism coupled to an external vector field. The Lagrangian in this case is 
given by: 



(D.28) 


This should be supplemented with the reality conditions: 


mX^^' = —iV2D^'^XA 


(D.29) 


The field equations that result from the above Lagrangian are 


2Da'^D^'^Xb + m^X^ = 0 


(D.30) 


^In other words, 75 has to be carefully defined if dimensional regularisation were to be used. 
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Appendix D. Feynman rnles: from first- to second-order formalism 


We see that the Lagrangian is not invariant under the usual U{1) transformations 

5X = +ieaX (D.31) 

However, the held equations and the reality condition are in the massless limit 
(where the vector held can be considered as a gauge held). Furthermore, the 
current given by: 

= ie (XaD^'^Xb - D^'^XbXa) = 2ieXAD^'^XB (D.32) 

is conserved on-shell in that limit. We will show that the amplitude for the 
triangle diagrams is equivalent in both formalisms up to some boundary terms 
that are hxed in the calculation of the anomaly (Chapter Appendix [E]) . 


Perturbative calculation in the second-order formalism 


The calculation is identical to the one carried out in Chapter we therefore refer 
the reader to the latter for further details. Let us simply recall: 

A 

-k2)D{h) 

(D.33) 


k^) = 8e^ 


■ d!^q 


X + J 


+ 


D{-k2)D{h)D{<d) D{ 


B C 

+ D{-k2)D{0) + D{0)D{h) 


with now D{k) = {q + k)"^ + m? and where the contribution from X, JT”, A, B, 
and C do not depend on the mass and are the same as before: 

X = q^'ciq - k2)'^'B{,q + k^)^'A - q^'siq - k2)^'A{q + k^)^'c (D.34) 


These are the terms that, in the massless limit lead to the anomalous conservation 
of the current in a theory of one Weyl fermion. They correspond to the w? 0 
limit of in (D.27). In the second-order case, the triangle diagram yields an 


PhD Thesis 


246 


Johnny Espin 












Appendix D. Feynman rules: from first- to second-order formalism 


extra contribution: 

J ^ ifAsiq + c + ^AciQ — k2)^ bJ 

+ + ksfe^''^' (eAsq^'c + ecB(g - ^ 2 )^'^) (D.35) 

+ ^(g - k2fe^'^' (^-eAcq^'B - (^Bc{q + ks)^' a) 


These terms arise from the contractions of momenta by propagators as it was the 
case when we computed the photon two-point function. They are expected to 
cancel out with terms arising from the quartic vertex: 

A = ^e^'^'eBc{k2 + k ^)^'a 

(D.36) 

B = -y'^’eAck2^'B 

(D.37) 

C = — ^ ^ABkz^ c 

(D.38) 


The difference between the massless and the massive case appears now. If before, 
the propagators could be cancelled simply by terms of the type ~ g^, we now need 
an extra contribution from the mass squared. Therefore, we can combine these 
four terms in the following way: in the JT term, one can add and substract an 
term. Then, we will have numerators such as g^ + that cancel one propagator 
and are added to A, B or C, and there will remain three terms proportional to 
m?. The latter are written as: 

J{pI = -m^) = - (eAB^q + A:3)^'c + f^Ac{q - k2 )^'b) 

- (eABq^'c + ecs(g - k2 )^'a) (D.39) 

- i^-eAcq^'B - (^Bc{q + k^)^' a) 


where pt denotes the momentum flowing the propagators. These terms are in 


one-to-one correspondence with the terms in (D.27). We are finally left with the 
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quartic-vertex contributions with the additional terms coming from J. We have: 

^ A + ^ab{<1 + c + ^ac{q ~ ^ 2 )^ B^ (D.40) 

^=2^^^ (^~2^Ack2^B + ^ABQ^C + ^CB{Q — k2)^A^ (D.41) 

C = ^ (^—^^AB^s^ c ~ ^Ac(f B — ^bc{q + (D.42) 

For the second-order amplitude to be equal to the hrst-order one, these three 
quantities should vanish as is the case in the usual massless calculation (Appendix 
[E] ), and therefore the constraint that has to be imposed is the same. Recall that 
we are not allowed to use dimensional regularisation: this implies that the terms 
proportional to the loop momentum can not be freely shifted as they diverge 
linearly. However, if we were able to use shift invariance to rewrite them, e.g. for 
^ABiq + k 3 )^'c + ^Ac{q - k 2 )^'B, we would obtain: 

2 {^AB^q + k^)^ c + ^Ac{q ~ ^ 2 )"^ s) + 2 {^AB^q + ^ 3 )"^ C + ^Ac{q ~ ^ 2 )^ b) 

= 2 {^AB^q + ^3)"^ C + ^Aciq — k 2 )^ b) + 2 (^AB{—q + ^2)"^ C — ^Ac{q + ^3)"^ b) 
= — 2 ((^3 + ^ 2 )"^ C^AB + (^2 + ^ 3 )"^ B^Ac) 

= — 2(^2 + ^3)"^ A^BC 

(D.43) 


where in the second line we have shifted q ^ q + k 2 — ks and then q ^ —q 
so that their denominators coincide. All in all, each expression into brackets 
would individually cancel and the second-order amplitude would be equal to its 
first-order counterpart. The problem here arises due to the lack of dimensional 
regularisation that we used before to match the calculations. However, it was 
shown in Chapter that there always exists a shift in the loop momentum in the 
second-order amplitude that matches another shift in the first-order case so that 
the physical content of both is equivalent]^ We could therefore make the following 
assumption: if, from the beginning, we only considered the triangle diagrams with 
no quartic vertices and set on-shell the contracted momenta in the numerators 
thereby extending (D.18) to loop diagrams, we would have obtained (without 
worrying about shift freedom and lack of dimensional regularisation schemes) the 


^This is true when the fermion is coupled to a background field that satisfies transversality 
conditions. 
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sought amplitude. This assumption can be considered as an extra Feynman rule 
of the second-order formalism. Its proof is beyond the scope of this thesis, we 
shall however see that when dimensional regularisation is allowed, it holds. 


D.3 Transition from first- to second-order dia¬ 
grams 


Index-free Feynman rules 

We recall the Feynman rules for two Dirac two-component spinors, however, we 
rewrite them in a more convenient way (as far as the index structure is concerned): 


A' 

{0|T{xa(-p)x''‘'(p)}|0) = (D.44) 

pZ _|_ ^z 

(0|T{4(-p)xt5'(p)}|0) ^ (D.46) 

{0\mA-p)XB{p)m ^ (D.47) 

pZ _|_ ^z 

where the momentum flows from the primed to the unprimed spinor (we will call 
this the positive direction flow). And the interaction vertices with the current as: 

(0|^'‘(<()x!,.(p)y(*:)|0> ^ +iV2e {0“)% (D.48) 

{0|yl'‘(«)^t«'(p)&(*^)|0> ^ -iV2e (OnS (D.49) 


We can conveniently rewrite all of these propagators in an index free notation as: 

+ m) 

p2 _|_ ^2 

with the momentum flowing in the same direction as the contraction arrows and 
p = p^9^. Notice that these arrows correspond to the charge flow for one of the 
Dirac fermions and is opposite to it for the other (y has the same charge as .^^). 
Moreover, when the propagator is written in this way, the reader must remember 
that it is simply a convenient rewriting. Indeed, in the first-order two-component 
formalism, we have either a mass or a momentum insertion in the propagator. 
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Appendix D. Feynman rnles: from first- to second-order formalism 


not both. The above notation is merely a compact and usefnl way of gathering 
many terms in one amplitnde (see below). The vertices are given by: 

±^e^/2e^ (D.51) 

where the sign depends on whether it is a y or ^ vertex. This two-component index 
free notation is so far ambiguous because it encapsulates too much information. 
Indeed, we a priori do not know with which spinor we are dealing. We therefore 
need “extra” Feynman rules. These will fall into two categories: open strings 
of fermions, he., one incoming fermion going into n photons and one outgoing 
fermion at tree level, and closed fermion loops. 

String of Dirac fermions 

We will start the conversion of the first-order Feynman rules for the case of a 
string of fermions. Let us start by listing our rules: 

1. We are interested in un-amputated amplitudes with one incoming and one 
outgoing unprimed spinor, and n photons (that can be taken to be ampu¬ 
tated). Hence, there will be two types of fermionic propagators connected 
to the amplitude: 


p2 _|_ ^2 

or 

—im 

p2 _|_ ^2 

Depending on whether the amputated first-order amplitude starts with a 
primed or unprimed spinor. 

2. Each internal fermionic line has also either type of propagator. We therefore 
consider, as previously stated, a compact notatiorj^ 

= ^ D{p){-V2p + m) (D.54) 

pZ _j_ jy^Z 

^The change of sign in this abstract propagator is due to the momentum flowing from 
unprimed to primed spinor in the first external propagator. 


(D.53) 



(D.52) 
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3. In order to fix the sign in the vertices, we consider the incoming unprimed 
spinor to be y and the outgoing unprimed spinor to be ^ (this hxes the 
charge flow). Therefore, we consider the default vertex (for an amplitude 
with no mass insertions, see below) to be 

+ieV29>^ (D.55) 

and after a mass insertion, it becomes (until the next swap): 

-ieV2e^ (D.56) 

4. Because an m insertion swaps the spinor helds and therefore inverts the 
“positive” contraction directionj^ the sign in the momentum propagators 
and in the vertices changes after an odd number of m insertions until there 
is another m insertion (if any) so that the number becomes even. 

5. Because we are only interested in unprimed un-amputated amplitudes (these 
contain all the necessary information), a string of propagators and vertices 
can only contain an even number of 6^s. The terms with an odd number of 
soldering forms can be neglected once the conversion to second-order am¬ 
plitudes is hnished as they correspond to primed to unprimed amplitudes. 
However, we will keep them in order to prove general conversation rules 
since, e.g., the extra terms in a n photons process, will contribute to the 
n -I- 1 photons process. 


Now that we hxed our rules and conventions, we will go through a few examples 
and then give a general formula for the conversion. 


First, consider the simplest case consisting of a single vertex, with incoming 


®In the following propagators the momentum will flow from ^ to which is defined as 


the negative direction flow. 
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Appendix D. Feynman rnles: from first- to second-order formalism 


momentum p and outgoing pi = p + ki. We have: 

■M{p,pi) = Di{-V2pi + m){ieV2d'"){-V2p + m)D 

= Di{—V2pi + m) {—2ei)6^p — ie\/26^m D 
= Di {—V2pi + m){—2ei)9^p — {+V2pi + m)ie\/29^rn\^ D 
= Di {—2ei){m9^p + pi9^m) — V2{{—2ie)pi9^p + iem9^m) D 
= Di mV^ — \/2{{—2ie)pi9^p + iem9^m) D 

(D.57) 


Notice, in the second line, the change in sign in the vertex due to the mass inser¬ 
tion. In the last line, the first term corresponds to the second-order cubic vertex 
with incoming p and outgoing pi, and the remaining terms map an unprimed 
spinor into a primed one and would be discarded if we were only interest in that 
amplitude. 


Next we consider the string with two photons labelled by /ci, p, and k 2 , v- There 
are here two diagrams to consider: in order to compute the amplitude, we need to 
consider the symmetrisation of the photons’ external legs. We will try to extract 
a conversion formula from this amplitude instead of simply discarding the extra 
terms as we have done before. 

M.{p^PitP 2 ) = S2{ie\/29^)Di mV^ — \/2{{—2ie)pi9^p + iem9^m) D 
= S 2 D 1 [{ieV29''){mV^) + {-2ief9''pi9^^p 
— {ieV29^)\/2iem9^rri^ D 
= S 2 D 1 [{ieV29''){mVs^) + {-2ie)\9''pi){9^p) 

+2e^9''{m^ + pI) 9^ - 4e\9‘'pi){pi9^)] D 
= S 2 [{ieV29'')Di{-V2pi + m)Vs^ + {-2e^i)9^9^^] D 

(D.58) 
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Appendix D. Feynman rules: from first- to second-order formalism 


with P 2 = Pi + ^2 and we have made use of p = p^6^ and pp = p^O^O’^py = p^/2. 
Once we symmetrise the amplitude we obtain: 


M\p,Pi,P 2 ) = S 2 \{ieV2e^)SiV^^ + (-2e2z)rH D + {h, p ^ k 2 ,i^) 


= 80 


= 82 


(ie\/ 26 '')Di{-\/ 2 pi + m)V^ + (fci, p f-)- ^2, 

+ 82 {- 2 e\X^D 
{ieV2e^)8^r^ +{h,p^h,p)\D + 82 VrD 


D 


(D.59) 


This allows us to extract a conversion formula: 


{ieV2e^^)8i{ieV2e^^)8 = {ieV2e^^)8iV^W + 


(D.60) 


where _ (^—jg unsymmetrised quartic vertex. Notice that 


in (D.60) there is only one photon momentum {ki) and therefore, to obtain the 


exact formula for two external photons containing the quartic vertex we need to 
consider three vertices (the third one being added ad hoc): 


{ieV29 °^) 52 {ieV2e ^^) 5i ) 5, 


(D.61) 


apply (D.60) twice, and then symmetrise over the “physical” {ki,ai <H- ^ 2 , 0 : 2 ). 


We then obtain: 

{le^/2e^^)M\p,PuP2) ={ieV2e<^^)82 + (1 2) + D 


(D.62) 


where the terms in square brackets is the second-order amplitude and (1 f-)- 2 ) = 
{ki ,«! <H- /c 2 , 0 : 2 ). We could have multiplied the above equation by the inverse of 
the third ad hoc vertex and, as before, simply discard terms with an odd number 
of soldering forms however, as presented the formula will be more useful when 
dealing with loops. 

The above formula is easily generalised to n photons: 




(D.63) 


where V 47 ^.( 2 ) is the “rest” that contributes to the next amplitude only. All in 
all, when we consider the amplitudes we are interested in (recall we only want an 
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even number of soldering forms in the RHS and that the last vertex is ad hoc), 
we have: 




unprimed 


= mDnM. 


an...ai 


( 2 ) 


D 


(D.64) 


The dimensions of the amplitudes seem to mismatch, recall however that the 
hrst-order wavefunctions are related to the second-order ones by: 

{«(!), M(i)} = Vm ■ {^(2), M(2)} (D.65) 


Moreover, in the LHS, there is only either a momentum or mass propagator and 
the external spinors are onshell, he.: 


S'm(i) = mu(i)D, U{i)Sn = mDnU(i) 


All in all: 




..ax 


(1) “(1) 


full 


= «(2)-Ad“2T"“'^(2) 


(D.66) 


(D.67) 


Dirac loops 


In order to hnd similar formulas for loops, we will consider (D.63) without the 


explicit symmetrisation. As before, we will use a bar notation to denote unsym¬ 
metrised second-order quantities. In the first-order formalism, a one-loop diagram 
for the n -|- 1 photons amplitude is given by: 


Tr 




(D.68) 


which is given in the second-order formalism, after conversion by: 


Tr 




(D.69) 


with D = Dn+i- In this trace, only terms with an even number of soldering forms 
contribute as the trace of an odd number of these vanishes. We see that the 
second term in the brackets is directly related to the loop amplitude, whereas in 
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the first one, only the momentum propagator in Sn contributes. All in all; 

r ,— 1 

Tr 

L' ■ ' j 

— \ t \n A/, 

h2) 


+ 5 ( 2 ) 


OLnj^ian---Oil 


(D.70) 


where B denotes a second-order formalism’s loop diagram where the “last” vertex 
is quartic. 


Even though we have not symmetrised the diagram over its external photon 
states, as we are working with Dirac two-component fermions, there is still a 
piece missing the the diagram. Indeed, we must consider the same amplitude 
with the interchange y -H- Since there is always an even number of soldering 
forms and that the swap only affect these terms, there will not be any sign change 
in the individual terms. However, as we keep the charge flow equal and swap the 
helds, the contraction direction changes. Schematically a loop diagram is given 
by, if we keep the “last” vertex fixed and apply the swap on it; 


Tr 




'S' 


(D.71) 


where the amplitudes need not be equal. If we apply the same formulas as above 
to the second term we obtain for the latter; 


Tr 


= Tr 




(D.72) 


where the additional minus sign comes from the fact that the propagators get an 
extra minus sign due to the direction change. The difference in the two first-order 
reversed amplitudes comes from the the “last” vertex, i.e., how it connects to the 
rest of the amplitude. Once this vertex has been factored out, the rest is equal 
and simply contracted in an opposite direction. Therefore, using; 




(D.73) 


We have; 


Tr 




= Tr 


-2ie)(pr"+0D„7W^2T"“'^] (D-74) 
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and finally: 


Tr 

r(i) J 

= Tr 

7-) h ylOLn.-.O-l J-^ , I0O71+1 tin■ ■ -<^1 1 ...ttri 

1/3 ^ “T ^(2) “h ^(2) 



= Tr 

r(2) J 


(D^75) 


where £(*) denotes the full one-loop diagram (counting both two-component 
spinors) written in either formalism. Notice however, that the second-order am¬ 
plitude is written in terms of unsymmetrised quartic vertices V 4 . We will explain 
the apparent mismatch in a few examples below. 


One-loop photon two-point function 


We will now construct explicitly the second-order formalism amplitudes from the 
hrst-order diagrams for the simple case of a two-point photon amplitude. We 
choose to £x the vertex /i, there are then two diagrams (corresponding to one 
charge flow but both directions of contraction): one when the latter is a 
vertex and one when it is a vertex. The hrst diagram is given by: 


(-1) / V£ Tr l(ie\/20'^)(-V2£ + m)(ie\/20‘')(-\/2£i + m)] DDi 


= (-l) J V£ {-2eifTT 


m 


(£i0^)(£0") - —(r^^) 


DDi 


= (-l) / V£ (-2ei)'Tr [{£ie>^){{£e^) + {e’^£i))] DDi + (-2e"i)Tr [(^0^)] D 


= (-l) V£ {-2ei)Ti[{£ie^)V^]DD4+Ti 


D 


(D.76) 


where terms as {£9'^) indicate that the momentum propagator £ attaches itself 
to the primed spinor in the the vertex (climbing up contraction arrows) and 
we used p = and pp = p^iO^O^Pu = l/ 2 p^ as before to cancel the rn? terms. 


PhD Thesis 


256 


Johnny Espin 



Appendix D. Feynman rules: from first- to second-order formalism 


Similarly, the second diagram is given by: 


(-1) J Vi Tr [{-ieV2e^){V2i + m){-ieV2e’^){V2ii + m)] DD^ 

= (-l) J Vi (-2ei)2Tr 




DDi 


= (-l) J Vi {- 2 ei)^TT [{ie>^)i{iie’^) + (e^i))] DDi + {- 2 e^i)Ti [(^ 0 ^^)] 

= (-l) [ Vi {2eifTT [(0^£)((£r) + (r£i))] DDi + {-2e^i)TT [(^0^)] Di 


= (-l) Vi {-2ei)TT[{e>^i)V3^]DDi + TT 


All in all, when we sum up both contributions, we obtain: 


(D.77) 


(-1) / Vi Tr DDi + Tr Iv^] + Tr 


D 


(D.78) 


The reader can recognise (D.75) for n = 1. We said earlier that the second-order 


Feynman rules give rise to the quartic vertex 14 and not I 4 and in our case the 
amplitude is given in terms of the latter. Notice however that: 


Tr 






1 


= oTr [Vn 


(D.79) 


So that our amplitude can be written as: 

1 


(-1) J Vi Tr DDi + ^Tr [F^] + ^Tr [F^] D 

= (-1) J Vi Tt DDi + Tr [F/''] D 


(D.80) 


Which is what would be written using second-order Feynman rules. 


Massive Majorana in a loop 

We give here an explicit construction of the second-order triangle diagrams for 
a loop consisting of massive Majorana fermions coupled to external vector helds 
(gauge helds in the massless limit). For the former, there is only one kind of 
vertex given by —ie\/29^ and the propagator is given by (when the 

momentum hows in the same direction as the contraction arrows). 

We consider three incoming spin 1 particles with momenta ki. In this index 
free notation, in order to obtain all the possible diagrams we simply need to hx 


PhD Thesis 


257 


Johnny Espin 


















Appendix D. Feynman rnles: from first- to second-order formalism 


one vertex (say n) and consider both orientations for the latter. Since we are 
solely interested in unprimed Feynman rules for the second-order formalism, each 
momentum insertion will contract with the vertex containing a primed spinor, 
and mass insertions will also contract when consisting of two primed spinors. All 
in all, the amplitude for the hrst orientation is given by: 


(- 1 ) 

= (-l) 


Vp Tr ^{—ieV29^){V2p2 + m){iey/26^) 

x{V2pi + m){ieV29'^){V2p + m) DD 1 D 2 

Vp {-2iefTT [{p9f^){p29^){pi9^) 

2 

{{P29^){0^0>^) + {p9>^){9^9^) - 


DD1D2 

(D. 81 ) 


In order to convert the amplitude into second-order product of vertices, for each 
term, we add a pf term such as to cancel one denominator and obtain a 
quartic vertex (the momentum is chosen according to the {99) contraction) and 
subtract the same term but this time writen as 2 piPi in order to obtain a cubic 
vertex with the remaining terms. All in all, we obtain for this first amplitude: 


-1) f Vp Tr \{-2ei){p9>^)ViVs^] DDiD 


Tr 


{-2ei){p9^)Vi 


13a 


DD 2 + Tr 




D 1 D 2 

(D.82) 


with, for a momentum flow following the charge flow in the vertices: 

Vs^ikout, hn) = {-2et){kout9>^ - 9^hn) 

vf = 2eH{9'^9^) = 


The second amplitude is then written (remember that the momentum now mainly 
flows in the opposite direction to the charge): 


(-1) [ Vp {-2ie)^TT [-{P29^){p9^){pi9^) 

[{P29^){9^9^) + {p9^){9^9>^) - (0>i)(0'^0^) 


m 

'T 


DD1D2 

(D.84) 
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We now use the identity: 


Tr = Tr (D.85) 


So that the amplitude can be rewritten as: 
(-1) J Vp Tr [(-2ei)(-0>2)ff DD 1 D 2 


Tr 


{-2ei){-e^^P2)Vt DD 2 + TT 


v^^vf 


DiD 

(D.86) 


All together, the whole triangle diagram amplitude is given by: 


(—1) / Vp Tr 


v.iviv^ 


DD 1 D 2 + Tr 
+ Tr 


v^^vt 


DDo 




DiD + Tr 


viv^^ 


D1D2 


(D.87) 
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Appendix E 


Explicit calculation of the 
anomaly 


We will now compute the amplitude of the divergence of the hrst current. This 
amounts to dot the amplitude with its momentum iki = —i{k 2 + k^). The pro¬ 
cedure is the same as in Chapter and Appendix D.3 using —z(/c 2 + k^) = 
—i{—{q — /C 2 ) + {q + k^)), each term with a different denominator in the integrand 
comes with its shifted counterpart, so that the value of the integral is a boundary 
term (see below) which we give as: 


iki ■ iM 




^(^2 — ^ 3 )^ {B^C)A 


1 B' 

^2 {A^C)B 


= |^(^2 + ^ 3 )% {-T.DAfB% ik2 - ks)^'^ 


I /'V' \A'C' 1 B'D I \J\' 15' 1 

+ (Sdb) a 0^2 + (S_Dc) A B^S 


\A'B' , C'D 


1 c 

% {A^B)C 


(E.l) 


We now make us of the fact that all the pairs of spinor indices we be contracted 
by either the momentum (^2 + ^ 3 ) or the external polarisation vectors of the 
photons. Therefore, using 

OfiAA'OuB^ = —-^Vfii'^AB + '^^j.uAB (E-2) 
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and replacing the spinor indices by their Minkowski connterpart: 


iki ■ iA4 


- ^*^^2 + h),. 


- + E^^ ■ 


30 


e 

47J-2 

471-2 


1 




^pl^’^nO‘0 _ n^^0n’^°‘^ 


— ie 


fiua0 


k2^k‘ip 


(E.3) 


We consider the on-shell amplitnde (so that = 0 = ■ fci) and we obtain: 


iki • i-A /1 on-shell ^^2 


(E.4) 


Hence the divergence of the first cnrrent is anomalons. We shonld check whether 
it is the case for the divergence of, by symmetry, either of the remaining cnrrents. 
Let ns recall the amplitnde: 


iM{k2, ks) = Ae^ J 


(27r) 


q^'c{q - k2)^'B{q + ks)^" A 


\A' 


C 


- q^'B{q - k 2 Y'A{q + k^y c 
1 


\B' 


\A' 


X 


+ 


{q-k2Yq^{q + kzY 


+ {k 2 ]BB')^{kz-CC') (E.5) 


le 

167r2 


+ + 2ie'"^“^) k2i3 


where it is nnderstood that matching spinor indices are rewritten in terms of 
their spacetime connterpart. The terms in the second brackets, that correspond 
to the bnbbles mentioned in Chapter are given by a bonndary term as we saw 


in Appendix |D.3[ The valne of the latter is calcnlated straightforwardly nsing 
the methods presented in the two cited chapters. 

In the compntation of the divergence of the hrst cnrrent, it tnrned ont that the 
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terms that appear in the hrst brackets lead to a vanishing contribution due to 
Lorentz invariance, and only the remaining boundary terms contributed. Now, 
in calculating the divergence of the remaining two currents we then need to make 
some effort with the first two terms only. Furthermore the result will be sym¬ 
metric under the exchange of momenta and indices (^ 2 ; (/cs; a), so only one 

calculation is needed. We have then; 


ik 2 ■ iM. 


g. 3 / A / (g + hVcg^'A (g- hf Ag'^'c ^ 

J (27r)4 y q‘^{q + hy q^{.q-hY ) 

( (g - h)^'A{q + k 2 )'^'c _ (g + /c3)^'c(g - 

V {.q + k2Y{q-k‘iy {,q-k2Y{q + k‘iy J 


- (AA' ^ CC') 

-I Aiva^j U I 

+ K2uK3i3 + • • • 


(E.6) 


Where the dots are terms that vanish onshell. The first quantity in brackets 
vanishes by Lorentz invariance, whereas in order to compute the second integral, 
it suffices to notice that it can be rewritten as: 


2 ie^ 


(W 


I{q + S)- I{q) 


(E.7) 


and using the fact that for a quadratically divergent integral we have: 

f cAq 




(2T[‘^aD'^ lim q^'Dq^fo{q) 

\ q^oo 


+7r‘^aE>^aD'^ lim q^ Ed 


q^oo 


d_ 
dqo 


(E.8) 


D 


/e(g) 


where the LHS momenta have been continued to Euclidian space by Wick rotation 
and fo, fe are the odd and even components of the function /. In our case: 


, (9 + - hf'A s^k - k 

® (q-k^nq + k,)^ , s *3 


(E.9) 
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Using: 


Io{.q) = 

<9/e(g) _ e 
dqD' 


-q^'ck2^ A + q^'c 2 q^'Aq^'cq ■ {h - k2) 


q‘i qo 

' c nC -L c nA' A n^' n^' 

^Dcq A + e eoAq c 4g cq Aq 


+ 0{q 


-4\ 


D 


D 


q- 


qo 


+ 0{q 


-4\ 


(E.IO) 

(E.ll) 


so that the evaluation of the integral yields: 


Stt^ 


{kAch^'A - kAck,'^'A) 


(EA2) 


We now make use of the fact that all the pairs of spinor indices will be contracted 
by the external polarisation vectors of the photons, i.e. 


k^'c e(kfc' = 

k^'A e{kfc' = ^^’^^Ak^e, 

(E.13) 

thus obtaining: 




on-shell —)■ —r 
Stt"* 


k3f,e3uk2a£ii3 = 

'k2uk3j3 




(E.14) 

So that hnally 




ik2 ■ iA4 

y p3 

= + 

—e>^--Pk3p = ^ = ik3-iM 

(E.15) 

All in all, if we consider a shifted amplitude (as we saw the result is shift depen¬ 
dent), we obtain: 


iki ■ iM.{k 2 , ks; a) = - 


(E.16) 


ik2 ■ iM{k2, /cs; a) = - 


(E.17) 


iks ■ iM{k2, /cs; a) = - 

• 3 

(E.18) 

So that we can remove the anomaly in two of the currents by choosing c = 0 but 
there will always be one anomalous current. The symmetric choice would be to 
set c = 1/6 (which must be the case when we are dealing with three identical 


currents). 
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